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We study direct load control contracts (DLCCs) that utilities use to curtail participating customers’ elec-

tricity consumption during peak load periods. These contracts stipulate a limit on the number of times

(calls) and the total number of hours of power reduction per customer as well as the duration of each call.

The stochastic dynamic optimization problem that determines how many customers to call and the timing

and duration of each call for each day is a provably difficult (NP-hard) optimization problem. We develop

an approximation scheme and analyze its asymptotic behavior. We show that the relative error approaches

zero as problem size (length of the horizon) approaches infinity. We apply our solution approach to the data

provided by three major utility companies in California. Our analysis indicates that applying our approach

can potentially reduce the peak load consumption by approximately 11% on a hot summer day, which cor-

responds to a 50% cost reduction during peak hours. Overall, our study shows a potential for 5-7% savings

in energy generation cost.

Subject classifications: Electricity industries, Stochastic dynamic programming, Asymptotic analysis.

1. Introduction

Demand side management is one of the most important challenges that utility firms face today.

This refers to the activities that alter customers’ electricity consumption to balance supply and

demand with the aim of minimizing energy cost, blackouts, and CO2 emissions (Alizadeh et al.

2012, Fan et al. 2013). In recent years, we have seen a vast and growing number of research papers

addressing various aspects of this problem (Vardakas et al. 2015). Demand response is an important

class of demand side management and refers to programs that offer motivations to consumers to

reduce their electricity consumption during peak periods (Qdr 2006). Aghaei and Alizadeh (2013),

Siano (2014), Vardakas et al. (2015), Deng et al. (2015), Haider et al. (2016), Shoreh et al. (2016)

provide an extensive literature review on demand response, its effectiveness, and implementations.
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Demand response programs are classified based on the offered motivation into time-based pro-

grams (Peura and Bunn 2015, Baldick et. al 2006, Kamat and Oren 2002, Faruqui et al. 2009,

Doostizadeh and Ghasemi 2012, Chen et al. 2011) in which the electricity price dynamically varies

over time and incentive-based programs (Oren and Smith 1992, Aalami et al. 2010, Kostkova et al.

2013) in which consumers receive incentive payments and must reduce their consumption whenever

they are called (Wissner 2011).

In this paper, we study Direct Load Control Contracts (DLCCs), an important class of incentive-

based demand response programs. According to the Federal Energy Regulatory Commission, in

the U.S., “as of 2012, more than 200 utilities across the country offered some type of direct load

control program for residential customers” (Michigan Public Service Commission, 2015).

Peak periods refer to the time intervals when demand exceeds primary generators’ capacity (e.g.,

renewable (Alizamir et. al 2016), nuclear, coal, and gas) and secondary sources (referred to as

peak units) such as diesel and gasoline-powered generators must be activated. Supply costs are

highly non-linear (De Meulemeester 2014, Posner 2015, Next-Kraftwerke-Belgium 2016). The U.S.

Government Accountability Office finds that the cost of generating electricity during hot summer

days is about 10 times higher than at night. The top 100-highest priced hours in one year account

for nearly 20% of the total energy cost (www.popularmechanics.com). High demand can cause grid

failure, which is estimated to cost tens of billions of dollars per year (www.sandc.com). Inability

to meet demand results in significant direct and indirect financial penalties for the utilities (Taylor

and Taylor 2015). DLCCs permit utility companies to directly reduce a customer’s energy usage

using a remote control device that is installed on site (e.g., see Southern California Edison (SCE)

(www.sce.com)). These contracts help utilities effectively manage demand during peak periods,

ensure the reliability of the electric grid, reduce “greenhouse gas emissions and carbon footprint,”

and help “customers reduce their energy use and utility bills” (e.g., see Los Angeles Department of

Water & Power (www.ladwp.com)). It is also anticipated that the implementation of DLCCs will

rapidly expand due to the Internet of Things.

Energy consumption profiles (ECP) depict the amount of power consumed over a typical day,

as illustrated in Fig. 1. The horizontal axis denotes the time of day and the vertical axis shows the

energy consumption rate in Gigawatt hours. ECPs can have various shapes—e.g., unimodal on a

summer day and bimodal on a winter day (see Fig. 1). Utilities classify ECPs into day-types based

on the similarity of the load consumption patterns. There are usually 5-15 day-types in a year.

The general structure of DLCCs that we study in this paper represents the mode of operations of

several utility companies, in particular a large one in Southern California. Pacific Gas and Electric,

Southern California Edison, Los Angeles Department of Water and Power, and Valley Electric

Association also offer similar programs and have the exact problem that we address in this paper.

http://www.popularmechanics.com/science/energy/a6013/how-a-smarter-grid-can-prevent-blackouts/
http://www.sandc.com/en/outages#Solutions
https://www.sce.com/wps/portal/home/business/savings-incentives/demand-response/!ut/p/b1/hc9Lj4IwFAXg3-KCpfRYfKC7-giU6CBiELsxYLCSIDWIQ_z3UydunDh6d-fmO8m9RJCYiDL5zmVS56pMinsW_V3HdpjLQ3CsphPw8dBlC39KJ5xqsNUA_wzDp_6GiGdiz6OBJk4YRMsIrIe_wFkNKLgXzeb-uEPRpQ8wdDBzPV-DdWCBWwG-QsYsoP8Ab470iJCFSn8f3rIytWxJRJUdsiqrzGul18e6Pl9GBgw0TWNKpWSRmXt1MvCqclSXmsTPkpxPMXLeFumtaf0AcKY94w!!/dl4/d5/L2dBISEvZ0FBIS9nQSEh/?from=drp
https://www.ladwp.com/ladwp/faces/ladwp/commercial/c-savemoney/c-sm-rebatesandprograms/c-sm-rp-demandresponse?_adf.ctrl-state=9lhhrfn1g_4&_afrLoop=207490900871583&_afrWindowMode=0&_afrWindowId=pg08y9rl3_1#%40%3F_afrWindowId%3Dpg08y9rl3_1%26_afrLoop%3D207490900871583%26_afrWindowMode%3D0%26_adf.ctrl-state%3Dpg08y9rl3_47


Fattahi, Dasu and Ahmadi: Peak Load Energy Management Problem
Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!) 3

2 4 6 8 10 12 14 16 18 20 22 24
15

20

25

30

35

Time of day

E
n

er
g
y

co
n

su
m

p
ti

o
n

ra
te

(G
W

h
)

ECP for a winter day

2 4 6 8 10 12 14 16 18 20 22 24
20

25

30

35

40

45

Time of day

E
n

er
g
y

co
n

su
m

p
ti

o
n

ra
te

(G
W

h
)

ECP for a summer day

Figure 1 Typical energy consumption profiles for a summer day and a winter day.

Due to grid technological constraints, the DLCC participants are partitioned into identical groups

to allow for load shedding in equal increments and ensure that the load is reduced in a balanced

way (Tyagi et al. 2011, Black et al. 2012).1

DLCCs are executed as follows. Each day, the firm must decide which groups of customers to

“call,” the starting time, and the duration for each call. The objective is to minimize the total

power generation cost over the contract horizon subject to constraints on the total calls to and

hours for each group as well as the duration of each call.

The decision problem faced by the utilities can be modeled as a finite-horizon stochastic dynamic

program with a high-dimensional state space. The state space is the number of available calls and

hours for each group. We show that this problem is strongly NP-hard and develop an asymptotically

optimal approximation scheme for solving it. Our approximation scheme consists of three major

components. First, we create a deterministic approximation of the problem by approximating the

stochasticity in the day-types. Second, we form an aggregation problem by aggregating the resource

constraints (calls and hours), solve it, and disaggregate the solution to generate a feasible solution

for the deterministic approximation problem. Last, we create a probabilistic allocation policy for

the stochastic problem using the solution found for the deterministic approximation problem.

To analyze the asymptotic behaviour of the total error, we first present an error decomposition

framework and show that the total error consists of three elements that we call discretization,

aggregation, and information errors. Each error element is independently analyzed, and we show

that they are asymptotically zero, which establishes the asymptotic optimality of our approximation

scheme.

Our problem has some similarities to that of network revenue management (NRM) (Cooper

2002, Adelman 2007, Liu and Van Ryzin 2008, Zhang and Adelman 2009, Jasin and Kumar 2012).



Fattahi, Dasu and Ahmadi: Peak Load Energy Management Problem
4 Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!)

In this regard, one could view the realization of day-types (types of energy consumption profiles)

as customer arrivals and the remaining calls and hours in the contract as the remaining resources.

Our problem, however, has additional complexities. It entails solving a multi-dimensional knapsack

problem. Even a single day problem can be NP-hard.

Our contributions are as follows.

1. We model and study an important class of contracts that energy firms are beginning to use

to reduce peak loads.

2. The problem is provably difficult. We design an approximation scheme that solves the problem

effectively and in a reasonable time. Our scheme consists of three approximations: deterministic

approximation, discretization of the expected demand, and aggregation/disaggregation.

3. We show that the relative error of the deterministic approximation is O(1/
√
n), discretization

is O(1/n), and aggregation/disaggregation is O(1/n), where n represents the length of the horizon.

Consequently, we establish the asymptotic optimality of our scheme.

4. Our error decomposition framework can be applied to some NRM problems where the deter-

ministic approximation is not easy and can be shown to be NP-hard (e.g., Adelman (2007) and

Bront et al. (2009)).

5. We apply our solution approach to the data provided by three major utility companies in

Southern and Northern California. Our analysis indicates a potential for an overall 5-7% savings

in the energy production cost. In addition, the peak period consumption on a hot summer day can

be reduced by around 11%, which corresponds to about a 50% reduction in the marginal cost of

energy production.

The remainder of the paper is organized as follows. Section 2 discusses the related literature.

In Section 3, we model the problem and establish its computational complexity. In Section 4, we

present our approximation scheme. Section 5 presents and analyzes our aggregation/disaggregation

approach. Section 6 studies the asymptotic behavior of our proposed approximation scheme. In

Section 7, we provide the results of applying our solution approach to industrial instances. Section

8 provides some concluding remarks. All proofs can be found in the Online Appendix.

2. Literature Review

This paper focuses on direct load control, a category of incentive-based demand response programs

that allow a utility company to directly control a participating consumer’s electrical equipment

(Ramanathan and Vittal 2008, Ruiz et al. 2009, Wu et al. 2010, Palensky and Dietrich 2011). The

literature on direct load control is limited. Ericson (2009) develops a regression model for evaluating

the effects of controlling water heater on households’ consumption load curve. Tyagi et al. (2011)

and Black et al. (2012) propose contractual direct load control programs where the maximum
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number of calls and hours are capped and customers are partitioned into clusters, but they do

not present mathematical models for implementing these contracts. Similar contracts have been

recently offered by many utility companies (see, for example, www.ladwp.com and www.sce.com).

To the best of our knowledge, we present the first mathematical model for DLCCs where the total

number of calls, the total hours, and the duration of a call are capped and the customers are

partitioned into groups.

Our solution approach is related to that of network revenue management (NRM) (Cooper 2002,

Adelman 2007, Liu and Van Ryzin 2008, Zhang and Adelman 2009, Jasin and Kumar 2012). In

NRM literature, an approximate solution is found for the stochastic dynamic program by first

solving a deterministic version of the problem where the demand is replaced by its expected value

and the decision variables are continuous. However, in our deterministic problem, we discretize

the expected demand and our decision variables are integral. Generally in NRM the deterministic

problem is a linear program, which is solved easily. In our case, the deterministic problem is difficult

and can be shown to be NP-hard (similar to, e.g., Adelman (2007) and Bront et al. (2009)). Also, the

single period problem in some NRM is trivial while ours is a binary nonlinear program. Our policy

generation and randomization is similar to the ones in NRM literature (see, e.g., Jasin and Kumar

(2012)). We analyze the asymptotic error of our approximation scheme by scaling the horizon, calls,

and hours that are common in the NRM literature (see, for example, Cooper (2002), Liu and Van

Ryzin (2008), and Jasin and Kumar (2012)). The error in our approximation scheme consists of

three components: (a) an error due to discretization, (b) an error due to aggregation/disaggregation,

and (c) an error due to using expected values (deterministic approximation). We show that the

relative error approaches zero as the problem size (length of horizon) approaches infinity. Error

terms (a) and (b) and our error decomposition framework are not present in the NRM literature.

Due to the computational complexity of our deterministic problem, we use an aggrega-

tion/disaggregation approach to generate a feasible solution. Rogers et. al (1991) provide a com-

prehensive review of aggregation/disaggregation methods. For other applications and approaches

to aggregation/disaggregation, see Whitt (1978), Mendelssohn (1982), Bean et. al (1987), Bert-

sekas and Castanon (1989), and Van Roy (2006). There are two critical challenges in aggrega-

tion/disaggregation. First, one needs to design a disaggregation mechanism such that the aggregate

solution can always be disaggregated and provides a feasible solution to the original problem.

Second, one must analyze and bound the associated error (Geoffrion 1977, Zipkin 1980a,b). Our

aggregate problem is obtained by summing the resource constraints that is a common approach

in the literature (see, e.g., Rogers et. al (1991)); however, our disaggregation mechanism and error

bounds are new.

www.ladwp.com
www.sce.com
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3. Model Description

In this section, we provide a general description of our model. The participating customers in

DLCC are divided into ϕ identical groups that are indexed as g = 1, . . . ,ϕ. Group g can be called

on day d for a duration of ldg hours, satisfying 0≤ ldg ≤ δ, where δ denotes the maximum duration

of a call. For a complete list of notations, see Online Appendix F. The contract horizon consists of

D days that are indexed as d= 1, . . . ,D. The index d refers to the beginning of a day. Uncertainty

is induced by day-types that we model as a stochastic process {ω̃d : d = 1, . . . ,D} where ω̃ds are

Ω-valued random variables and Ω is the set of all possible day-types ω ∈ Ω (throughout, we use

tilde (˜) to distinguish random variables—i.e., ω̃d is a random variable and ωd is its realization).

There can be autocorrelation in realization of day-types (e.g., hot days follow hot days). At the

beginning of each day, after the type of day is determined, the firm must decide which groups to

“call,” the starting time, and the duration for each call. The objective is to minimize the total

power generation cost over the contract horizon. The constraints are: (i) each group of customers

is called no more than κ times in a year, (ii) the duration of each call is less than δ hours, (iii) the

power reduction must occur over a contiguous interval, and (iv) the total number of hours of load

reduction for a group in a year cannot exceed τ hours. Parameters δ, κ, τ , and the duration of a

call are integer numbers.

This problem, referred to as P, can be formulated as a finite-horizon discrete-time stochastic

dynamic program. The detailed formulation is available in Online Appendix A. The cost-to-go

function in day d is denoted by ψ(ld, ωd) where ld := (ld1, . . . , ldϕ) is the vector of call durations

to groups. We next present a formulation for obtaining ψ(ld, ωd), which is also referred to as the

single-day problem (PS).

Let t denote the index for time periods in a day. Although the continuous time formulation

of the problem is also possible, the utility companies that we have collaborated with currently

require that, as a managerial policy, the interruptions start and end at the beginning and end of

the hours. Each day consists of T time periods. We assume the forecast for the average demand

during time period t on day d is known and given by function rt : Ω−→Z+, and hence, rt(ωd) is the

forecast of the average demand in period t of day d. Moreover, the energy cost in period t of day

d depends on rt(ωd), which is given by the function f : Z+ −→R. For each z ∈ Z, z ≥ 1, we define

∆f(z) := f(z) − f(z − 1) and ∆2f(z) := ∆f(z) −∆f(z − 1). We assume that the cost function

satisfies: (i) f(0) = ∆f(0) = ∆2f(0) = 0, (ii) ∆f(z)> 0, for all z ∈ Z, z ≥ 1, and (iii) ∆2f(z)> 0,

for all z ∈ Z, z ≥ 1. Properties (ii) and (iii) respectively mean that f(z) is strictly increasing in z

and that the marginal increase in z is also strictly increasing in z.
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Let binary variables udgt and ϑdgt, for all d, g, and t, be defined as: udgt = 1 shows that group g

is on call in period t of day d and ϑdgt = 1 indicates that group g starts in period t of day d.

(PS): ψ(ld, ωd) = min
T∑
t=1

f
(
rt(ωd)−

ϕ∑
g=1

udgt

)
(1)

s.t.
T∑
t=1

udgt = ldg, ∀g, (2)

ϑdgt ≥ udgt−udg(t−1), ∀g, t≥ 2, (3)

ϑdg1 ≥ udg1, ∀g, (4)
T∑
t=1

ϑdgt ≤ 1, ∀g, (5)

udgt, ϑdgt ∈ {0,1}, ∀g, t. (6)

In the objective function (Eq. 1),
∑ϕ

g=1 udgt is the number of groups on call in period t. The

demand in period t decreases by
∑ϕ

g=1 udgt and hence becomes rt(ωd) −
∑ϕ

g=1 udgt. We assume

that the total demand is high enough that the net load (rt(ωd)−
∑ϕ

g=1 udgt) is always positive.

Constraint (Ct.) (2) ensures that group g is called for ldg time units and Constraints (Cts.) (3)–(5)

guarantee that the reduction occurs over a contiguous interval. Cts. (3)–(4) initialize the starting

time of the calls. Ct. (5) confirms that each group can be called at most once on day d.2

Finally, our problem P is strongly NP-hard, which follows from a reduction from the 3-partition

problem (see Proposition 2 in Online Appendix A).

4. Aggregate Deterministic Approximation Scheme

In this section, we present an effective approximation framework, referred to as aggregate deter-

ministic approximation scheme, to solve P. Our heuristic has three major steps:

(Step 1) Approximating P by a deterministic problem (PD) (subsection 4.1).

(Step 2) Finding a feasible solution for PD using aggregation/disaggregation approach (subsection

4.2).

(Step 3) Creating a feasible policy for P using the solution to PD (subsection 4.3).

4.1. Step 1: Deterministic Approximation

In this step, we create a deterministic problem (PD) as follows. Let D◦ω denote the expected number

of days of type ω, for all ω ∈ Ω (D◦ωs are real numbers and D =
∑

ω∈ΩD
◦
ω). We round D◦ωs up

or down, arbitrarily, to integer numbers Dωs satisfying D =
∑

ω∈ΩDω. Consequently, in PD, the

planning horizon contains Dω days of type ω, for all ω ∈Ω. Let binary variables udgt and ϑdgt, for
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all d, g, and t, be defined as in Section 3. In addition, we define binary variables yωd, for all ω, d,

as follows: yωd = 1 if day d is of type ω and yωd = 0 otherwise.

(PD): min
D∑
d=1

T∑
t=1

f
(∑
ω∈Ω

rt(ω)yωd−
ϕ∑
g=1

udgt

)
(7)

s.t.
D∑
d=1

T∑
t=1

udgt ≤ τ, ∀g, (8)

D∑
d=1

T∑
t=1

ϑdgt ≤ κ, ∀g, (9)

T∑
t=1

udgt ≤ δ, ∀g, d, (10)

D∑
d=1

yωd =Dω, ∀ω, (11)∑
ω∈Ω

yωd = 1, ∀d, (12)

yωd ∈ {0,1}, ∀ω,d, (13)

Cts. (3)-(6), ∀d. (14)

In the objective function (Eq. 7),
∑

ω∈Ω rt(ω)yωd is the demand in period t of day d and the demand

decreases by
∑ϕ

g=1 udgt. The corresponding cost is returned by function f(·). Ct. (8) ensures that

group g is called for τ hours, at most, in the horizon. Similarly, according to Ct. (9), each group

can be called κ times at most. Ct. (10) confirms that each group can be called for a maximum

duration of δ hours in day d. According to Ct. (11), Dω days in the planning horizon must be of

type ω. Ct. (12) ensures that each day has a type.

4.2. Step 2: Finding a Feasible Solution for PD

We use an aggregation/disaggregation approach to find a feasible solution for PD. Our aggregation

scheme combines the 2ϕ constraints on the number of hours and calls (Cts. (8)-(9)) for each group

into two aggregate constraints. The aggregate problem enables us to design a dynamic programming

algorithm that can be solved in time complexity of O(Dϕ4τ 3). The solution to the aggregate

problem determines the number of calls, their durations, and starting time for each day; however,

it does not assign the calls to specific groups. Thus, we formulate a disaggregation system to assign

calls to groups. For ease of exposition, we present the details of the aggregation and disaggregation

schemes in section 5.

We now describe the notations needed to specify a feasible solution for problem PD. Let ǔdgt

and ϑ̌dgt, for all d, g, and t, and y̌ωd, for all ω and d, denote the obtained feasible solution. Define

ľdg :=
∑T

t=1 ǔdgt, for all d, g, and vector ľd := (ľd1, . . . , ľdϕ) (Recall Eq. (2) and note that ľd is the
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vector of call durations in day d based on the obtained solution). Moreover, using Ct. (12), for a

given d, we have y̌ωd = 1 for exactly one ω ∈Ω, which determines the type of day d; let ω̌d denote

the type of day d in the obtained solution. Hence, we construct augmented vectors (̌ld, ω̌d) for all

d (this will be used next to construct a policy for P).

4.3. Step 3: Generating a Feasible Policy for P

In general, the augmented vector (l, ω) has J = |Ω|(δ+ 1)ϕ potential values, which we call assign-

ments. In any feasible solution to PD, at most D of these assignments will be observed. For two

different days of the same type, the value of ľd can be equal. For each day-type, we form a list

of unique l-values and determine their probabilities based on their occurrence frequencies. Our

proposed policy and randomization is similar to the NRM literature (see, e.g., Jasin and Kumar

(2012)). We next provide a formal presentation of our approach and its implementation. Let index

j = 1, . . . , J denote assignments. Each assignment is applicable to exactly one day-type; hence, we

use $j to denote the applicable day-type for assignment j. Let ag,j denote the duration of call

to group g when assignment j is used. We define θj := ψ((a1,j, . . . , aϕ,j),$j), which is the optimal

value of PS, defined in Section 3, when we call group g for ag,j hours, for all g, in a day of type $j.

Moreover, define vector x̌ = (x̌1, . . . , x̌J) such that x̌j denotes the number of times that assignment

j is used in the planning horizon in the feasible solution of PD that we find in Step 2.

We generate a feasible control, denoted by π̌, for P using x̌. Define assignment probabilities

q̌j :=
x̌j
D$j

, for all j (Recall that D$j is the number of days of type $j). In fact, q̌j is the proportion

of time that assignment j is used in a day of type $j in the feasible solution to PD. Control π̌

selects assignments using the probabilities {q̌j}. In other words, in day d, if we observe ωd, then

we select one of the applicable assignments using probabilities {q̌j}. We then call groups based

on the selected assignment if all groups have sufficient calls and hours available. The algorithm is

available in Online Appendix B.

This approach always generates a feasible solution to P because it implements the selected

assignments only if the remaining calls and hours of the recipient groups permit. Let ṽπ̌ (a random

variable) denote the total cost if we apply control π̌ over the entire horizon (see Online Appendix

B for the mathematical definition of ṽπ̌). In section 6, we characterize E[ṽπ̌], analyze its asymptotic

behavior, and show that control π̌ is asymptotically optimal.

5. Aggregation/Disaggregation

In this section, we present our methodology for solving PD (which is a strongly NP-hard problem)

using an aggregation/disaggregation approach. We present our aggregation model and its solution

procedure in subsection 5.1 and our disaggregation scheme and its solution approach in subsection

5.2.
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5.1. Aggregation model

We aggregate the resource constraints given in Cts. (8) and (9). Specifically, our aggregate deter-

ministic problem (PAD) is the model PD where Cts. (8) and (9) are replaced with the following

constraints:

ϕ∑
g=1

D∑
d=1

T∑
t=1

udgt ≤ϕτ, (15)

ϕ∑
g=1

D∑
d=1

T∑
t=1

ϑdgt ≤ϕκ. (16)

Cts. (15) and (16) ensure that the total reduction time and the total number of calls over the

planning horizon are upper bounded by ϕτ and ϕκ, respectively. In fact, in PAD, for each day, we

determine how many calls must be made, their starting times, and durations; however, we do not

assign these calls to specific groups.

PAD is a binary nonlinear program. In Online Appendix C.1, we use the observation that in

PAD the sequence of day-types is inconsequential; therefore, we can fix the sequence of day-types

and reformulate PAD as a dynamic program. We show that the stage cost of this dynamic program

is obtained by solving a mixed-integer linear program, which we refer to as the aggregate single-day

problem (PAS). Solving PAS using commercial solvers takes a negligible amount of computational

time. In Online Appendix C.1, we show that, given the solutions to PAS, the computational time

complexity of our approach to solve PAD is O(Dϕ4τ 3).

5.2. Disaggregation model and solution

A critical component of all aggregation/disaggregation approaches is to design a disaggregation

procedure for creating a feasible solution for the original problem (Rogers et. al 1991). In this

subsection, we present a procedure for disaggregating the PAD solution and creating a feasible

solution to PD.

Let Cd, for all d, denote the set of calls in day d in the PAD solution where each call includes its

starting time and duration. A call, η ∈ Cd, is in the form of η= (st(η), dr(η)) where st(η)∈ {1, . . . , T}

is the starting time and dr(η)∈ {1, . . . , δ} is the duration of the call. For example, assume that C1

consists of two calls and C1 = {(1,2), (3,4)}, implying two calls on day 1 in the solution to PAD:

one group for 2 hours starting from t = 1 and the other group for 4 hours starting from t = 3.

However, at this stage, it is not known which two groups must reduce their consumption. C1 can be

assigned in ϕ(ϕ− 1) different ways. In general, given Cd, for all d, there are
∏D
d=1

ϕ!
(ϕ−|Cd|)!

possible

assignments. We next present an efficient approach for assigning calls to groups. An illustrative

example is available in Online Appendix C.2.
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Define C :=
⋃D
d=1 Cd. Sort the members of C in a non-increasing order of their durations. If the

total number of calls, |C|, is less than ϕκ, add artificial calls in the form of η= (1,0) to the end of

the sorted list so that the number of calls becomes ϕκ. We refer to the first ϕ calls as class 1, the

second ϕ calls as class 2, and so on. Denote the classes by ς = 1,2, · · · , κ. Define binary variables

λiςg, for all i, ς, g, such that λiςg = 1 if call i from class ς is assigned to group g, and λiςg = 0

otherwise. Moreover, with some abuse of notation (overloading η), let ηiς denote the ith call in

class ς. We obtain an assignment of calls to groups by solving the following system, which we refer

to as disaggregation system (DIS):

(DIS):

ϕ∑
g=1

λiςg = 1, ∀i, ς, (17)

ϕ∑
i=1

λiςg = 1, ∀ς, g, (18)∑
i,ς:

ηiς∈Cd

λiςg ≤ 1, ∀g, d, (19)

λiςg ∈ {0,1}, ∀i, ς, g. (20)

Cts. (17)–(18) ensure a 1-to-1 assignment of calls to groups for each class. Ct. (19) guarantees

that each group g can receive at most one call for each day d.

Let λ∗iςgs denote a feasible solution of DIS (we will discuss solving DIS later in this subsection).

Define TCg :=
∑κ

ς=1

∑ϕ

i=1 λ
∗
iςg, for all g, which denotes the total number of calls that are assigned

to group g. Using Ct. (18), we have: TCg =
∑κ

ς=1

(∑ϕ

i=1 λ
∗
iςg

)
= κ, for all g. This means that

the number of calls assigned to each group is κ; hence, DIS solution automatically satisfies the

maximum of κ calls per group constraints (Ct. (9)).

Define THg :=
∑κ

ς=1

∑ϕ

i=1 λ
∗
iςgdr(ηiς), for all g, where dr(ηiς) is the duration of the ith call in

class ς. In fact, THg denotes the total hours assigned to group g based on DIS solution. For some

group g, we may have THg > τ (violation of the maximum of τ hours per group constraints (Ct.

8)). Consider group g′ such that THg′ > τ . We arbitrarily reduce the duration of some of the calls

assigned to g′ such that the total reduction is [THg′ − τ ]+. As a result, after reducing the assigned

hours to group g by [THg− τ ]+, for all g, a feasible solution to PD is created. Note that the total

hours in the generated feasible solution may be less than the total hours in the PAD solution. The

impact of this reduction (aggregation error) will be analyzed in section 6.

In the remainder, we discuss solving the disaggregation system. Two issues affect the effectiveness

of our approach. First, DIS must always have a feasible solution to guarantee that our approxi-

mation scheme generates a feasible solution to PD. Second, DIS must be solved efficiently. Note

that DIS is a binary program with ϕ2κ variables and 2ϕκ+ϕD constraints. We next propose an
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efficient procedure for solving DIS. We will show that a feasible solution to DIS always exists and

our procedure finds it in time complexity of O(ϕ4D4). Our procedure is as follows. We first present

a sub-disaggregation system, denoted by DISg, that assigns calls to just one group. We then solve

DISg for each group sequentially. The solutions of sub-disaggregation systems are then combined

and a solution for DIS is generated.

Our sub-disaggregation system DISg considers only group g and assigns exactly one call from

each class to that group. The formulation of DISg is:

(DISg):

ϕ∑
i=1

λiςg = 1, ∀ς, (21)∑
i,ς:

ηiς∈Cd

λiςg = 1, ∀d : |Cd|=ϕ, (22)

∑
i,ς:

ηiς∈Cd

λiςg ≤ 1, ∀d : |Cd|<ϕ, (23)

λiςg ∈ {0,1}, ∀i, ς. (24)

Ct. (21) ensures that group g receives exactly one call from each class. According to Ct. (22),

if day d has ϕ calls, then exactly one call from day d must be assigned to group g. Moreover, Ct.

(23) guarantees that at most one call from each day can be assigned to group g. DISg is a binary

problem with ϕκ variables and κ+D constraints. Theorem 1 states that DISg is always feasible

and is solved in a polynomial time.

Theorem 1 (Sub-Disaggregation). (a) DISg is always feasible. (b) DISg is equivalent to a cir-

culation problem with ϕκ+D+κ+3 nodes. Moreover, a solution of DISg is found in time complexity

of O(ϕ3D4).

We prove the feasibility by first showing that the linear programming relaxation of DISg has

integrality property and then showing that the dual problem has a bounded optimal solution. In

part (b), we show that DISg is equivalent to a circulation problem (see, for example, Bertsimas and

Tsitsiklis (1997)). Hence, existing algorithms for the circulation problem can be used for solving

DISg. In addition, we use the circulation problem to show that DISg is solved in time complexity

of O(ϕ3D4).

We next outline our approach for solving DIS. Starting from group 1, DIS1 assigns exactly one

call from each class to group 1. We eliminate group 1 and the assigned calls. We have now ϕ− 1

groups and each class has ϕ− 1 calls. We then solve the updated sub-disaggregation system for

group 2 and so on. Proposition 1 characterizes the feasibility of DIS and presents a procedure to

find a feasible solution to this model.
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Proposition 1 (Synthesis From Sub-Disaggregations). A feasible solution to DIS always

exists and is found as follows: for each g = 1, . . . ,ϕ, solve DISg and eliminate group g and the

assigned calls. This is performed in time complexity of O(ϕ4D4).

Finally, the most complex parts of our approach are solving PAD and DIS. We show that these

parts are performed in time complexity of O(Dϕ4τ 3) and O(ϕ4D4), respectively, and therefore, the

computational time complexity of our approximation scheme is O(Dϕ4τ 3 +ϕ4D4).

6. Asymptotic Optimality of the Approximation Scheme

This section analyzes the asymptotic behavior of our aggregate deterministic approximation scheme

for P. The set-up needed for our analysis is presented in subsection 6.1. Our error analysis involves

decomposing the total error into three components (discretization, aggregation, and information

errors), which is presented in subsection 6.2. In subsection 6.3, we analyze each component inde-

pendently and show that they are asymptotically zero.

6.1. Error analysis set-up

To analyze the asymptotic behavior of our approximation scheme, we consider a sequence of prob-

lems, denoted by P(n), for all n∈Z, n≥ 1, where the horizon consists of nD days and each group

can be assigned, at most, nκ calls and nτ hours (superscript (n) denotes the problem size).

We next present the formulation of P(n), which is used in our asymptotic optimality analysis.

Let Π(n) denote the set of all controls that determine assignments in day d based only on ωd and

all the available information acquired during days 1, . . . , d− 1. Define variable Ñπ
j,d ∈ {0,1} to take

a value of 1 if we use assignment j in day d under control π and 0 otherwise. Moreover, let I(.) be

the indicator function, i.e., I(true) = 1, I(false) = 0.

(P(n)): v
(n)
P = min

π∈Π(n)
E
[ nD∑
d=1

J∑
j=1

Ñπ
j,dθj

]
(25)

s.t.
nD∑
d=1

J∑
j=1

I(ag,j > 0)Ñπ
j,d ≤ nκ, ∀g (w.p.1), (26)

nD∑
d=1

J∑
j=1

ag,jÑ
π
j,d ≤ nτ, ∀g (w.p.1), (27)∑

j:$j=ω

Ñπ
j,d = I(ω̃d = ω), ∀ω, d (w.p.1). (28)

All constraints must be satisfied with probability 1 (w.p.1). Cts. (26) and (27) mean that w.p.1,

the total number of calls and hours assigned to group g must not exceed nκ and nτ , respectively.

According to Ct. (28), if day d is of type ω, then we must select exactly one of the applicable

assignments to day-type ω (the selected assignment may have zero call durations for all groups,
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which we refer to as the “do-nothing” assignment); however, if day d is not of type ω, then we

must select none of the assignments applicable to day-type ω.

To set up our error analysis, we formulate two closely related problems. We first present a

continuous deterministic problem (PCD(n)). Let D◦(n)
ω denote the expected number of days of type

ω in the planning horizon (note
∑

ω∈ΩD
◦(n)
ω = nD and D◦(n)

ω s are real numbers). The formulation

of PCD(n) is as follows:

(PCD(n)): v
(n)
PCD = min

J∑
j=1

θjxj (29)

s.t.
J∑
j=1

I(ag,j > 0)xj ≤ nκ, ∀g, (30)

J∑
j=1

ag,jxj ≤ nτ, ∀g, (31)∑
j:$j=ω

xj =D◦(n)
ω , ∀ω, (32)

xj ∈R+, ∀j, (33)

where xj denotes the number of times that assignment j is used in the planning horizon. We next

propose a discretization of PCD(n) that we denote by PD(n). Consider rounding D◦(n)
ω s up or down,

arbitrarily, to integer numbers D(n)
ω satisfying

∑
ω∈ΩD

(n)
ω = nD. In addition, we restrict the decision

variables, xjs, to integer values only. Then, PD(n) is formulated as:

(PD(n)): v
(n)
PD = min

J∑
j=1

θjxj (34)

s.t. (30) and (31),∑
j:$j=ω

xj =D(n)
ω , ∀ω, (35)

xj ∈Z+, ∀j. (36)

The solutions to these problems are used in the error analysis.

6.2. Error decomposition

We next present an error decomposition framework for our approximation scheme. Let x̌(n) =

(x̌
(n)
1 , . . . , x̌

(n)
J ) denote the feasible solution of PD(n) that we find in Step 2 of our approximation

scheme. Define v
(n)
x̌ :=

∑J

j=1 θjx̌
(n)
j that is the objective function value of PD(n) for x̌(n). Define

q̌
(n)
j :=

x̌
(n)
j

D
(n)
$j

, for all j, as the assignment probabilities. Consider a control, denoted by π̌(n), that uses

assignment probabilities {q̌(n)
j } and is applied as we discussed in subsection 4.3 (we formally present

this policy in Online Appendix D.1). Let ṽ
(n)
π̌ denote the total cost of P(n) if π̌(n) is applied during
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the horizon. Note that ṽ
(n)
π̌ is a random variable, and hence, we are interested in characterizing

E[ṽ
(n)
π̌ ] and comparing it to v

(n)
P (the optimal value of P(n) defined in Eq. (25)). We next show that

the total error (E[ṽ
(n)
π̌ ]− v(n)

P ) nicely decomposes into three components that are referred to as the

discretization, aggregation, and information errors.

We define ρ
(n)
D := v

(n)
PD−v

(n)
PCD as the discretization error, ρ

(n)
A := v

(n)
x̌ −v

(n)
PD as the aggregation error,

and ρ
(n)
I := E[ṽ

(n)
π̌ ]−v(n)

x̌ as the information error. We call v
(n)
PD−v

(n)
PCD the discretization error since

it measures the difference between the optimal values of PCD(n) and its discrete version PD(n).

The aggregation error is induced in Step 2 of our approximation scheme and due to the fact that,

instead of using the optimal solution of PD(n), we find x̌(n) using our aggregation/disaggregation

approach. Finally, we call E[ṽ
(n)
π̌ ]−v(n)

x̌ the information error since v
(n)
x̌ is based on full information

on the types of days in the horizon. Note that v
(n)
x̌ is the value of the objective function for x̌(n)

if the problem is deterministic; however, if we use x̌(n) to generate π̌(n) and apply it to P(n), we

achieve E[ṽ
(n)
π̌ ]. Thus, E[ṽ

(n)
π̌ ]− v(n)

x̌ is the loss due to the lack of information on how many days of

each type will occur.

Theorem 2 (Error Decomposition). E[ṽ
(n)
π̌ ]− v(n)

P ≤ ρ
(n)
D + ρ

(n)
A + ρ

(n)
I , for all n∈Z, n≥ 1.

To show that our approximation scheme is asymptotically optimal, we must show that the

relative error 1
n

(ρ
(n)
D + ρ

(n)
A + ρ

(n)
I ) approaches zero as n approaches infinity. In the remainder, we

show that ρ
(n)
D =O(1), ρ

(n)
A =O(1), and ρ

(n)
I =O(

√
n). These results together establish asymptotic

optimality of our approximation.

6.3. Bounds on errors

In this subsection, we analyze each error component independently and present upper bounds on

their values. The following theorem states that the discretization error is upper bounded by a

constant, denoted by ρ̌D, that is independent of n.

Theorem 3 (Discretization Error: Constant Bounded). There exists a constant ρ̌D, inde-

pendent of n, such that v
(n)
PD ≤ ρ̌D + v

(n)
PCD, for all n∈Z, n≥ 1. This implies that:

ρ
(n)
D = v

(n)
PD− v

(n)
PCD ≤ ρ̌D =O(1).

Recall that we discretize the expected number of days of each type and the decision variables.

Since the expected number of day-types are rounded up or down, for each day-type, the expected

number of days in the integer and the continuous version differs at most by one day. As a result

we are able to show, in Online Appendix D.3, that each day-type contributes at most a constant

value, denoted by θ0(ω), to the error. Hence, the total error due to discretizing the day-types is

at most
∑

ω∈Ω θ0(ω). Now, consider the decision variables. Since PCD(n) is a linear program, an



Fattahi, Dasu and Ahmadi: Peak Load Energy Management Problem
16 Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!)

optimal solution exists with at most 2ϕ+ |Ω| nonzero variables. Thus, we are able to show that by

constraining the decision variables to be integral, the error is limited to (2ϕ+ |Ω|)(maxj θj). The

total error is shown to be at most
∑

ω∈Ω θ0(ω) + (2ϕ+ |Ω|)(maxj θj). Note that these terms are

independent of n.

The aggregation error is induced by aggregating resources in Step 2 of our approximation scheme.

Theorem 4 states that the aggregation error is O(1).

Theorem 4 (Aggregation Error: Constant Bounded). There exists a constant ρ̌A, indepen-

dent of n, such that v
(n)
x̌ − v

(n)
PD ≤ ρ̌A, for all n∈Z, n≥ 1. This implies that:

ρ
(n)
A = v

(n)
x̌ − v

(n)
PD ≤ ρ̌A =O(1).

Recall that our disaggregation scheme sorts all the calls in the aggregate solution based on their

durations. The sorted calls are partitioned into nκ classes such that each class contains ϕ calls.

We then allocate one call from each class to each group. Since the maximum duration of a call

is δ, the difference between the shortest and longest calls is bounded by δ. Next, consider the

differences between the shortest and longest calls in each class. We show, in Online Appendix D.4,

that the sum of these differences over all classes is also bound by δ. We use this result to show

that the total hours assigned to any two groups differ by at most δ (we refer to this important

property as the bounded variability of hours, which is stated and proven in Online Appendix D.4).

We then show that even if all calls assigned to a group are the longest calls from each class, the

total hours assigned to this group exceed the feasible amount by at most δ. As a result, the error

due to aggregation is bounded by βϕδ, where β denotes the maximum cost saving that one could

achieve by assigning a call with a duration of 1 hour. Observe that the error is not dependent on

the scaling factor n. The disaggregation scheme is remarkable as it provides a feasible solution and

the error is a constant not impacted by n.

According to Theorem 4, the relative aggregation error ( 1
n
ρ

(n)
A ) is O(1/n), and hence, our appre-

gation/disaggregation procedure is asymptotically optimal. We also remark that Theorems 3 and

4 do not require ω̃ds to be i.i.d., and hence, the results hold in general even if autocorrelation exists

in day-type realization.

In the remainder, we show that the information error (E[ṽ
(n)
π̌ ]− v(n)

x̌ ) is O(
√
n). Recall that x̌(n)

is a feasible solution of PD(n) with objective function value v
(n)
x̌ . We use x̌(n) to generate control

π̌(n) and then apply π̌(n) during the horizon, which results in ṽ
(n)
π̌ .

Theorem 5 (Information Error: Sublinear). If ω̃ds are i.i.d. and D◦ω ∈ Z, for all ω, then

E[ṽ
(n)
π̌ ]− v(n)

x̌ ≤O(
√
n), for all n ∈ Z, n≥ 1, implying that 1

n
ρ

(n)
I approaches zero as n approaches

infinity.
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The proof of Theorem 5 consists of the following main steps. We first introduce a lower bound

procedure, which, given a day-type, selects an assignment using probabilities {q̌(n)
j } and applies it

regardless of whether the recipient groups have sufficient calls and hours available. We also intro-

duce an upper bound procedure, which, given a day-type, selects an assignment using probabilities

{q̌(n)
j } and applies it only if all ϕ groups (not only the recipient groups) have at least one call

available and at least δ hours available. We then prove that the difference between the expected

values produced by these procedures provides an upper bound on the information error. We finally

characterize the difference between the expected values produced by these procedures and prove

that it is O(
√
n).

We remark that Theorem 5 assumes D◦ωs are integer. We use this assumption to simplify the

proof, which is a mild assumption since, according to Theorem 3, the discretization error is O(1).

Additionally, Theorem 5 assumes ω̃ds are i.i.d. while autocorrelation usually exists in the day-type

realization (our heuristic approach does not require the i.i.d. assumption and only uses the expected

number of days of each type). In Online Appendix D.6, we numerically show the asymptotic

behavior of the relative information error on a small example that verifies the sublinearity of the

information error when autocorrelation exists.

The following corollary establishes the asymptotic optimality of our approximation scheme.

Corollary 1 (Asymptotic Optimality). Let ω̃ds be i.i.d. and D◦ω ∈Z, for all ω. Then E[ṽ
(n)
π̌ ]−

v
(n)
P ≤ O(

√
n), for all n ∈ Z, n ≥ 1. This implies that the total relative error 1

n
(E[ṽ

(n)
π̌ ] − v(n)

P )

approaches zero as n approaches infinity.

We close this section by providing some intuition behind the asymptotic optimality of our approx-

imation scheme. Our information error is small for the following reasons. First, since there are a

limited number of day-types and the planning horizon is long, the number of days of each type in

any realization is close to its expected value due to the law of large numbers. Second, P has two

types of constraints (total number of calls and hours per group) that span over the entire planning

horizon, which provides us the flexibility to utilize resources effectively. Third, our deterministic

solution strategically allocates resources to the high energy consumption days over the planning

horizon. Our aggregation error is small since the difference between the total hours assigned to

different groups is upper bounded by δ. This is a result of sorting calls before assigning them to

groups. Finally, due to the limited number of day-types (usually between 5 and 15) and the long

planning horizon, the discretization error is negligible.

7. Application to Industrial Instances

In this section, we present the results of applying our approach to data from three major utility

companies in California. The load consumption profile data we received from these companies
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spans from 2009 to 2014. We refer to the data sets provided as COMP1, COMP2, and COMP3.

Fig. 2 shows the hourly load consumption profiles for the three companies for a 10 day period

from January 1-10, 2014, and for a 10 day period from July 1-10, 2014. Some key aspects of our

data set are as follows. The average hourly load consumption for COMP1, COMP2, and COMP3

are 26,406.7, 12,053.6, and 12,000.9 MWh, respectively, and the standard deviations are 4,508.6,

2,543.2, and 2,019.6 MWh, respectively.
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Figure 2 A portion of the hourly load consumption profiles for the three companies.

Our solution approach requires us to convert the daily energy consumption profiles (in our data

sets) to day-types. The partner companies require us to concentrate on 10 day-types (|Ω| = 10).

We use the classical k-means clustering (Xu and Wunsch 2005) to form 10 clusters by minimizing

the pairwise squared deviations of ECPs in the same cluster. We use the Lloyd’s algorithm (Lloyd

1982) to solve this problem. The average hourly load consumption for each cluster is considered

the ECP of the associated day-type. Fig. 3 shows the frequency distributions of day-types for the

first year for each data set.

Our partner companies use ϕ= 10, κ= 100, τ = 180, and δ = 4 (similar values are also used in

practice, e.g., see www.sce.com) meaning that there are 10 participating customer groups, a group

can be called at most 100 times for a total of at most 180 hours, and each call can last for up

to 4 hours. We perform our approximation scheme and form a policy (as described in Step 3).

This policy consists of a list of assignments with their associated probabilities for each day-type.

Recall that each assignment determines which groups are called, for how many hours, and the calls’

starting times. We apply these policies to each year from 2010 to 2014 and report average results

over the 5 years.

https://www.sce.com/wps/portal/home/business/savings-incentives/demand-response/!ut/p/b1/hc9Lj4IwFAXg3-KCpfRYfKC7-giU6CBiELsxYLCSIDWIQ_z3UydunDh6d-fmO8m9RJCYiDL5zmVS56pMinsW_V3HdpjLQ3CsphPw8dBlC39KJ5xqsNUA_wzDp_6GiGdiz6OBJk4YRMsIrIe_wFkNKLgXzeb-uEPRpQ8wdDBzPV-DdWCBWwG-QsYsoP8Ab470iJCFSn8f3rIytWxJRJUdsiqrzGul18e6Pl9GBgw0TWNKpWSRmXt1MvCqclSXmsTPkpxPMXLeFumtaf0AcKY94w!!/dl4/d5/L2dBISEvZ0FBIS9nQSEh/?from=drp
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Figure 3 Frequency distributions of day-types for 2009.

We only show the detailed experimental results on COMP1 and present the potential savings for

the three companies. The impetus behind DLCCs is to reduce peak load consumption and influence

customers’ energy consumption patterns. Fig. 4 shows the before and after ECP patterns for the

first weeks of winter and summer 2014. In winter, the energy consumption fluctuates between

19,000 and 29,000 MWh while in summer, it varies between 22,000 and 36,000 MWh. According to

our solution, as shown in Fig. 4, no calls are scheduled during the first week of January. In general,

approximately 95% of the calls are assigned from May to October (this is mainly due to weather

conditions and consumption patterns in California that may not hold true in other regions of the

U.S.). Fig. 4 shows that the summer peak load reduces from 36,000 to 32,000 MWh, which may

correspond to a reduction in the energy production cost from $160 to $80 per MWh.
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Figure 4 The peak load reduction during the first weeks of winter and summer 2014.

We show in Table 1 the overall potential of about 5-7% savings for the three companies from 2009

to 2014. The benchmark for computing the savings is no DLCC implementation and the reported

savings are the difference between the electricity production cost before and after implementing

DLCCs. The discounts given to customers to participate in DLCCs compared to the savings are

negligible.
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Table 1 Percentage saving for the three industrial instances from 2010 to 2014

COMP1 - % saving COMP2 - % saving COMP3 - % saving
2010 6.47% 5.52% 5.51%
2011 6.31% 5.37% 5.29%
2012 5.34% 5.40% 5.27%
2013 5.01% 5.36% 5.31%
2014 5.97% 5.49% 5.25%

Average 5.82% 5.43% 5.33%

8. Conclusions

We analyze the problem of efficiently implementing DLCCs used by many utility companies in

the United States. An approximation scheme is proposed that includes the following three steps:

(1) creating a deterministic approximation of the problem, (2) forming an aggregation problem by

aggregating the resource constraints (calls and hours), solving it, and disaggregating the solution,

and (3) creating a policy for implementation of DLCCs. We analyze the asymptotic behavior of the

total error that consists of the discretization, aggregation, and information errors and show that

our approximation scheme is asymptotically optimal. We apply our approach to the data provided

by three major utility companies in Southern and Northern California and show that there is a

potential for an overall 5-7% savings in the energy production cost.

We examine the following extentions/generalizations in Online Appendix E. First, the structure

of the DLCCs studied in this paper is such that the calls’ starting times and durations are integer

numbers. In the Online Appendix, we relax this feature and assume that the starting time and

duration of a call is continuous. Second, we discuss how our error decomposition framework, pre-

sented in Theorem 2, can be applied to some NRM problems where the deterministic approximation

has to be solved heuristically. Third, our asymptotic error analysis in Section 6 is based on scaling

the time horizon, number of calls, and hours. Motivated by the observation that various utility

companies may use different values for calls and hours while the time horizon is kept constant,

we discuss an alternative scheme where we scale the number of calls and hours. We establish the

asymptotic optimality of our approximation scheme when the number of calls and hours are scaled

and experimentally verify on a small example.

Our analysis can also be used to provide insights on the following issues: (a) what should the

parameters of the contract and number of participating customers be to ensure the maximum energy

consumption throughout the year does not exceed a pre-specified desirable amount? and (b) how

should these contracts be priced (incentives)?

Finally, we offer the following directions for future research. First, although in our problem the

customer groups are identical in terms of their demands and contracts, this may not be true in

some demand-response programs. Second, in the DLCCs that were considered in this paper, the
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peak demand is eliminated. However, in some programs, a customer group may shift their energy

consumption to before and/or after the call period. This phenomenon is referred to as “the shoulder

effect.” Finally, this paper assumes that customers can subscribe to DLCCs only at the beginning

of the planning horizon. However, there are demand-response programs that allow customers to

subscribe any time throughout the year. Future research could look at demand-response programs

with non-identical groups, shoulder effects, and/or rolling contracts.

Endnotes

1. According to the energy company we are working with, it is common (although difficult) to

create identical groups with the same contracts and power saving levels.

2. We acknowledge that our paper primarily focuses on the interactions between the utility com-

panies and consumers (forward integration) and not the interactions between the utility companies

and the grid operators/power generators (backward integration). Additionally, the groups forma-

tion is primarily to ensure that the technological constraints and grid concerns are satisfied.
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Appendix A: Model Formulation

Our problem, referred to as P, is a finite-horizon discrete-time stochastic dynamic program in which

stages correspond to the days in the planning horizon d = 1, . . . ,D. The state variables are the

remaining number of calls and hours for each group. As previously stated, a decision is made each

day to determine which groups to call, the duration of the calls, and the starting time for each call.

Let mdg be a binary variable that shows if group g is called on day d. If ldg > 0, then mdg = 1,

and otherwise mdg = 0.

We define vectors ld = (ld1, . . . , ldϕ) and md = (md1, . . . ,mdϕ), for all d, which respectively show

the duration of calls and whether each group is called on day d or not. We define vectors hd =

(hd1, . . . , hdϕ) and kd = (kd1, . . . , kdϕ), for all d, which respectively show the duration of time avail-

able and the number of calls available in each group on day d. At the beginning of the planning

horizon d= 1, we have h1 = (τ, . . . , τ) and k1 = (κ, . . . , κ).

Let the augmented vector (ld,md) denote a decision on day d. Let Θd denote the set of fea-

sible decisions on day d. We define Θd := {(ld,md)| mdg ≤ kdg, ldg ≤ min{hdg, δ}, mdg = I(ldg >

0), for all g}, for all d. Here, I(.) is the indicator function: I(true) = 1 and I(false) = 0. P is:

(P): Vd(hd,kd|ωd) = min
(ld,md)∈Θd

{ψ(ld, ωd) +

EVd+1(hd− ld,kd−md)}, ∀d= 1, . . . ,D− 1,

VD(hD,kD|ωD) = min
(lD,mD)∈ΘD

{ψ(lD, ωD)}, (37)

where Vd(hd,kd|ωd) is the optimal cost for days d, d+ 1, . . . ,D given hd (available time) and kd

(available number of calls), and knowing that day d is of type ωd. EVd+1(hd − ld,kd −md) is

the expected optimal cost for days d+ 1, . . . ,D given hd − ld and kd −md (expectation is non-

anticipatory and history dependent).

We next provide an example to illustrate our problem. Let the ECP for a given day be as shown

in Fig. 5. Assume that we have decided to call three groups for 1, 1, and 2 hours, respectively.

Assignment (a) uses starting times 1, 7, and 7, while assignment (b) uses 7, 7, and 1. Given a

strictly increasing cost function (implying that higher rectangular blocks have higher costs), the

cost associated with Assignment (b) is lower since it cuts the higher portion of the ECP.

We close this appendix by establishing the computational complexity of problem P.

Proposition 2 (NP-Hardness). Problem P is strongly NP-hard.

Proof. We consider a special case of P where ω̃ds have degenerate distributions (ω̃d = ωd with

probability 1, for some ωd, for all d). We denote this special case by P◦. Our proof also establishes

the strong NP-hardness of the deterministic version of P (where the day-type realization is known

throughout the horizon).
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Figure 5 An example: Assigning 3 calls with lengths 1, 1, and 2 to customer groups.

We show that P◦ is as hard as the 3-partition problem, which is known to be strongly NP-

complete (Garey and Johnson 1979). Assume that we are given a general instance of the 3-partition

problem consisting of positive integers α1, α2, . . . , α3ϕ, and A such that
∑3ϕ

d=1αd = ϕA and A
4
≤

αd ≤ A
2

, for all d. The question is: Can α1, α2, . . . , α3ϕ be partitioned into ϕ subsets with equal size

and equal number of elements?

Consider the following specific instance of P◦, with ϕ groups. Let D = 3ϕ, and assume that

demand is 1 in periods 1, . . . , αd and 0 in periods αd + 1, . . . , T , on day d, for all d. Thus, there are

3ϕ energy consumption periods with durations α1, α2, . . . , α3ϕ. We assume T ≥ maxd=1,...,3ϕ{αd}

and δ≥maxd=1,...,3ϕ{αd}. We assume f(1) = 1 meaning that if we assign αd to a group, we achieve

a saving of αd. Let κ= 3 and τ =A.

Case 1: If the 3-partition has a solution, then the optimal solution of P◦ is obtained by assigning

the partitions to groups. The saving that is achieved by this assignment is ϕA.

Case 2: The 3-partition does not have a solution. Let us partition α1, α2, . . . , α3ϕ into ϕ subsets with

equal number of elements and assign each set to a group. Hence, each group receives exactly 3 ele-

ments. There exists a positive integer q> 0 and groups g′ and g′′ such that
∑

d:αd is assigned to g′ αd ≥

A+q and
∑

d:αd is assigned to g′′ αd ≤A−q. Therefore, the total saving of this assignment is less than

or equal to ϕA−q and hence is strictly less than ϕA. Note that this holds for all such partitions

with equal number of elements. Therefore, the optimal solution of P◦ is strictly less than ϕA. �

Appendix B: Applying Control π̌ to P

Algorithm 1 shows applying control π̌ to P. At the beginning of day d, ṽπ̌ denotes the total cost

during days 1, . . . , d − 1, and T̃Cg and T̃Hg show the number of calls and hours, respectively,

assigned to group g during days 1, . . . , d− 1. Note that j′′ in Line 9 of Algorithm 1 is in fact an

assignment with zero call durations that we refer to as “do-nothing” assignment applicable to ωd.
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Algorithm 1 Applying control π̌ to P.

1: Define ṽπ̌ := 0

2: Define T̃Cg := 0 and T̃Hg := 0, for all g

3: for d= 1, . . . ,D do

4: Observe ω̃d = ωd and select assignment j′ ∈ {j|$j = ωd} using probabilities {q̌j}

5: if κ− T̃Cg ≥ I(ag,j′ > 0) and τ − T̃Hg ≥ ag,j′ , for all g then

6: Update ṽπ̌ := ṽπ̌ + θj′

7: Update T̃Cg := T̃Cg + I(ag,j′ > 0) and T̃Hg := T̃Hg + ag,j′ , for all g

8: else

9: Let j′′ be such that $j′′ = ωd and ag,j′′ = 0, for all g

10: Update ṽπ̌ := ṽπ̌ + θj′′

11: end if

12: end for

13: return ṽπ̌.

Appendix C: Aggregation/Disaggregation: Supporting Material

C.1. Solving PAD

We observe that the sequence of day-types is irrelevant in PAD. Hence, in this subsection, we

present an alternative formulation of PAD as a dynamic program. We will then use the dynamic

program to find an optimal solution to PAD.

The state variables of PAD are the total remaining time and the total number of available calls,

which are denoted by hd and kd, respectively. At the beginning of the planning horizon d= 1, we

have h1 = ϕτ and k1 = ϕκ. Let ld and md denote the total hours and calls that are used in day d,

respectively. Noting that we can call at most ϕ customer groups in a day, the set of feasible vectors

(ld,md) is defined as ΘA
d :=

{
(ld,md)∈Z2

+| ld ≤min{hd,ϕδ}, md ≤min{kd,ϕ}
}

, for all d. After

using ld and md in day d, the remaining time and calls become hd+1 = hd− ld and kd+1 = kd−md,

respectively. We reformulate PAD as a dynamic program as follows:

(PAD): VAD
d (hd, kd) = min

(ld,md)∈ΘA
d

{ψA(ld,md, ωd)

+VAD
d+1(hd− ld, kd−md)}, ∀d= 1, · · · ,D− 1,

VAD
D (hD, kD) = min

(lD,mD)∈ΘA
D

{ψA(lD,mD, ωD)}, (38)

where VAD
d (hd, kd) is the optimal cost of using hd and kd in days d, d+ 1, · · · ,D. The stage cost

ψA(ld,md, ωd) is the optimal value of the aggregate single-day problem (PAS), which is defined as

follows: in day d of type ωd, assign, at most, ld hours to customer groups by, at most, md calls to

achieve minimum energy cost.
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We next present a mathematical formulation for PAS. We define non-negative integer variable

st`d that denotes the number of calls with duration ` and starting time t in day d. Variables st`ds

are defined for all t, d, and for all ` such that 1≤ `≤min{δ,T − t+ 1} (note that it is wasteful to

call a group for more than T − t+ 1 units of time starting from period t). PAS is formulated as

follows:

(PAS): ψA(ld,md, ωd) = min
T∑
t=1

f

(
rt(ωd)−

min{δ,t}∑
i=1

(
min{δ,T−t+i}∑

`=i

s(t−i+1)`d

))
(39)

s.t.
T∑
t=1

(
min{δ,T−t+1}∑

`=1

st`d

)
≤md, (40)

T∑
t=1

(
min{δ,T−t+1}∑

`=1

`st`d

)
≤ ld, (41)

st`d ∈Z+, ∀t, `, 1≤ `≤min{δ,T − t+ 1}. (42)

In the objective function,
∑min{δ,t}

i=1

∑min{δ,T−t+i}
`=i s(t−i+1)`d indicates the reduction in the demand

in period t. Cts. (40) and (41) guarantee that the number of calls and the total reduction time are

upper bounded by md and ld, respectively.

PAS is a nonlinear integer program and in general solvers have more difficulty solving this class

of problems (Bertsekas 1999). To solve PAS faster, we provide an alternative formulation as a

mixed-integer linear problem in the following remark.

Remark 1. Define PAS′ as:

(PAS′): min
Z∑
z=1

{
∆2f(z)

(
T∑
t=1

εzt

)}
(43)

s.t. rt(ωd)− z+ 1−

(
min{δ,t}∑
i=1

(
min{δ,T−t+i}∑

`=i

s(t−i+1)`d

))
≤ εzt, ∀z, t, (44)

εzt ≥ 0, ∀z, t, (45)

and Cts. (40), (41), and (42).

where Z ∈Z is an upper bound on the forecast demand. Then, PAS′ and PAS are equivalent.

Proof. We first note that the objective function can be alternatively formulated as the following

piecewise linear and convex function.

Z∑
z=1

∆2f(z)

 T∑
t=1

[
rt(ωd)− z+ 1−

(
min{δ,t}∑
i=1

(
min{δ,T−t+i}∑

`=i

s(t−i+1)`d

))]+
 , (46)

where Z ∈ Z is an upper bound on the forecast demand. We linearize the objec-

tive function by defining the non-negative variables εzt, for all z, t, replacing
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rt(ωd)− z+ 1−

(∑min{δ,t}
i=1

∑min{δ,T−t+i}
`=i s(t−i+1)`d

)]+

with εzt, for all z, t, and adding constraints

to ensure εzt ≥ rt(ωd)− z + 1−
(∑min{δ,t}

i=1

∑min{δ,T−t+i}
`=i s(t−i+1)`d

)
, for all z, t. Since we solve a

minimization problem, this constraint is always satisfied as equality unless the right-hand-side is

negative in which case εzt = 0. �

Our experiments show that the Cplex MIP solver is very fast in solving PAS′. In the remainder,

we assume that we have solved PAS′ for all possible values of ld, md, and ωd (in total we solve

ϕ2δ|Ω| instances of PAS′, which takes negligible computational time). In other words, we have the

values of ψA(l,m,ω), for all 0≤ l≤ ϕδ, 0≤m≤ ϕ, and ω ∈Ω. We use these values as input when

solving PAD.

The state space of PAD consists of 2 non-negative integer variables, hd and kd, that are upper

bounded by ϕτ and ϕκ, respectively. Therefore, PAD is solved using a dynamic programming

algorithm. In day d, ωd is known, and we have to evaluate VAD
d (hd, kd) for all possible values

of hd and kd; hence, in day d, we require (ϕτ + 1)(ϕκ + 1) iterations. Moreover, in day d, for

fixed hd and kd, we need to find the minimum of ψA(ld,md, ωd) + VAD
d+1(hd − ld, kd −md) over all

possible values of ld and md; hence, we need (ϕδ+1)(ϕ+1) iterations. Thus, solving PAD requires

D(ϕτ + 1)(ϕκ+ 1)(ϕδ+ 1)(ϕ+ 1) iterations. In addition, using the assumptions τ ≥ κ and τ ≥ δ,

solving PAD using a dynamic programming algorithm is performed in O(Dϕ4τ 3).

C.2. An Illustrative Example for Our Disaggregation Procedure

The following example shows our disaggregation procedure. Consider D = 5, ϕ = 4, κ = 4,

δ = 4, and τ = 16. Assume that the PAD solution is given by: C1 = {(1,1), (1,4), (1,3)},

C2 = {(1,2), (1,3), (1,1), (1,4)}, C3 = {(1,1)}, C4 = {(1,4), (1,4), (1,4), (1,4)}, and C5 =

{(1,1), (1,2), (1,4), (1,4)}. Note that in this example the starting times of all calls are t= 1.

We sort the calls in a non-increasing order of their durations, as shown in Fig. 6. The length

of a bar shows the duration of the corresponding call. The first number below a bar indicates

the corresponding day for the call. We divide the calls into classes of size ϕ. This results in 4

classes, which are denoted by ς = 1,2,3,4. We assign one call from each class to each group. This

assignment is always possible since each class has ϕ calls. An important constraint is that, at most,

one call from a day can be assigned to a group, as without this constraint, the assignment would

be trivial. In Fig. 6, the second number below a bar shows the corresponding group for the call.

Observe that each group is assigned exactly four calls.

Let TCg and THg denote the total number of calls and hours assigned to group g, respectively.

In this example, we have TCg = 4, for all g, TH1 = TH4 = 12, and TH2 = TH3 = 11.
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d= 1 2 4 4 4 4 5 5 1 2 2 5 1 2 3 5
g= 2 1 4 3 2 1 4 3 1 4 3 2 4 2 3 1

ς = 1 ς = 2

ς = 3

ς = 4

Figure 6 An example for assigning calls to groups.

C.3. Proof of Theorem 1 (Sub-Disaggregation)

C.3.1. Proof of part (a). Let DISrg denote the linear programming relaxation of DISg, which

is obtained by replacing Ct. (24) with 0≤ λiςg ≤ 1, for all i, ς. We note that, in the formulation

of DISrg, constraints λiςg ≤ 1, for all i, ς, are automatically ensured by other constraints because:

the right-hand-side values are 1, all of the coefficients in the left-hand-sides are 1, and all variables

are non-negative. Thus, we eliminate these constraints. Therefore, DISrg consists of Cts. (21), (22),

(23), and nonnegativity constraints λiςg ≥ 0, for all i, ς.

We introduce matrix notations to simplify our algebraic representations. Let B, E1, and E2

denote the coefficient matrices for Cts. (21), (22), and (23), respectively. We next provide detailed

characterization of these matrices. Let D′ denote the number of days with exactly ϕ calls and

D′′ denote the number of days with strictly less than ϕ calls (note D′ +D′′ = D). Here, B is a

(κ×κϕ)-matrix, E1 is a (D′×κϕ)-matrix, and E2 is a (D′′×κϕ)-matrix. In addition:

B=


1>ϕ 0 · · · 0
0 1>ϕ · · · 0
...

...
. . .

...
0 0 · · · 1>ϕ


where 1ϕ is a vector of size ϕ with all entries equal to 1 and > denotes the transpose of a vec-

tor/matrix. Define E :=

[
E1

E2

]
which is a (D× κϕ)-matrix. All entries of B and E are either zero

or one. Each column of B has exactly one 1 and exactly (κ− 1) zeros. Moreover, each row of B
has exactly ϕ ones and exactly (κ− 1)ϕ zeros. In matrix E , each column has at most one 1 and

each row has at most ϕ ones. In addition, we note that E consists of two sub-matrices as follows:

E1 consists of the rows of E that have exactly ϕ ones, and E2 consists of the rows of E that have

strictly less than ϕ ones.

Let λ denote the vector of decision variables (λ∈Rκϕ). Using these notations, DISrg is formulated

as:

Bλ= 1κ, E1λ= 1D′ , E2λ≤ 1D′′ , λ≥ 0.
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Define Φ := {λ ∈ Rκϕ|Bλ = 1κ,E1λ = 1D′ ,E2λ ≤ 1D′′ , λ ≥ 0}. Note that Φ is in fact the set of

feasible solutions to DISrg. In the following, we show that Φ is a nonempty and integral polyhedron.

Adding slack variables to E2λ ≤ 1D′′ , the coefficient matrix becomes

 B 0
E1 0
E2 ID′′

 where ID′′ is

a D′′ ×D′′ identity matrix. The right-hand-side vector is 1(κ+D). Note that each column of the

coefficient matrix has at most 2 ones. Additionally, if there are 2 ones in a column of the coefficient

matrix, one of them is in the first κ rows and the other one is in the last D rows. Therefore, the

coefficient matrix is totally unimodular, meaning that every extreme point of the feasible region is

integral and thus the set Φ is an integral polyhedron.

We next prove that Φ is nonempty. Consider the following problem: max0 s.t. λ ∈Φ. The dual

problem is as follows.

min 1>κw1 + 1>D′w2 + 1>D′′w3 (47)

s.t.

 BE1

E2

>w1

w2

w3

≥ 0 (48)

w3 ≥ 0, (49)

where, w1, w2, and w3 are the dual variables. One could see that the dual problem is feasible

because w1 = 0, w2 = 0, and w3 = 0 satisfy the constraints. We need to show that the optimal

value for the dual problem is finite. Consider the relaxation of the dual problem that is obtained

by multiplying Ct. (48) by 1>κ+D from the left. This results in the following inequality. ϕ1κ
ϕ1D′

e

>w1

w2

w3

≥ 0 (50)

where, e ∈ RD′′
and e≤ ϕ1D′′ . Thus, the relaxation of the dual problem includes Cts. (47), (49),

and (50). Note that every feasible solution to the dual problem is also feasible for the relaxation

problem but the converse may not be true. Ct. (50) can be written as follows.

ϕ1>κw1 +ϕ1>D′w2 + e>w3 ≥ 0

=⇒ϕ
(
1>κw1 + 1>D′w2 + 1>D′′w3

)
−
(
ϕ1>D′′w3− e>w3

)
≥ 0

=⇒ 1>κw1 + 1>D′w2 + 1>D′′w3 ≥ 1

ϕ

(
ϕ1D′′ − e

)>
w3

=⇒ 1>κw1 + 1>D′w2 + 1>D′′w3 ≥ 0.

Thus, the optimal value of the relaxation of the dual problem is bounded below; hence, the

optimal value of the dual problem is bounded. Therefore, since the dual problem has a finite optimal

solution, then the primal problem also has a solution. Thus, we proved that Φ is nonempty.
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Therefore, we have shown that Φ is a nonempty and integral polyhedron. Also note that Φ is

a bounded polyhedron since it is inscribed inside a unit hypercube in Rκϕ. This means that an

integer feasible point exists in Φ, and hence a feasible solution to DISg always exists.

C.3.2. Proof of part (b). We first show that an instance of a circulation problem (see, for

example, Bertsimas and Tsitsiklis (1997)) can be constructed such that an integer optimal solution

to the circulation problem is a feasible solution to DISg.

We construct a directed graph G = (N,A), where N and A denote the set of nodes and arcs,

respectively. See Fig. 7 for illustration. Let D′ denote the number of days that have exactly ϕ calls.

The set of nodes N consists of:

• A node called origin,

• κ nodes for classes denoted by ς1, ς2, . . . , ςκ,

• ϕκ nodes for calls denoted by η1,1, η2,1, . . . , ηϕ,κ,

• D′ nodes for the days with exactly ϕ calls denoted by d1, . . . , dD′ ,

• D−D′ nodes for the days with less than ϕ calls denoted by dD′+1, . . . , dD,

• An auxiliary node denoted by E2, and

• A terminal node called term.

The set of arcs A consists of:

• An arc from origin to each ς1, ς2, . . . , ςκ,

• An arc from ς1 to each η1,1, η2,1, . . . , ηϕ,1, an arc from ς2 to each η1,2, η2,2, . . . , ηϕ,2, and so on,

• An arc from call ηi,ς to day d if call ηi,ς belongs to day d (note that the auxiliary calls in the

form of η= (1,0) that we add to the end of the sorted list do not belong to any day),

• An arc from each day dD′+1, . . . , dD to the node E2,

• An arc from each auxiliary call (in the form of η= (1,0) that we add to the end of the sorted

list) to the node E2,

• An arc from each day d1, . . . , dD′ to term,

• An arc from E2 to term, and

• An arc from term to origin.

The arc from E2 to term has capacity κ−D′ and unit profit 0, the arc from term to origin has

capacity κ and unit profit 1, and all other arcs have capacity 1 and unit profit 0. In Fig. 7, the first

and second element in (.,.) show the capacity and the profit per unit of flow for the corresponding

arc, respectively. All arcs without (.,.) have capacity 1 and their unit profit is 0.

Let ξ(a,b) denote the flow in arc (a, b), for all arcs (a, b) ∈A. Moreover, we denote by ξU(a,b) the

capacity of arc (a, b), and by ℘(a,b) the unit profit of arc (a, b), for all arcs (a, b) ∈A. We define a

feasible circulation as: ∑
b:(b,a)∈A

ξ(b,a) =
∑

b:(a,b)∈A

ξ(a,b), ∀a∈N, (51)
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origin
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ς2

...

ςκ

η1,1

η2,1

...

ηϕ,1

η1,2

η2,2

...

ηϕ,2

...

η1,κ

η2,κ

...

ηϕ,κ

d1

d2

...

dD′

dD′+1

dD′+2

...

dD E2

term

(κ
−D

′ ,0)

(κ,1)

Figure 7 Constructing a circulation problem.

0≤ ξ(a,b) ≤ ξU(a,b), ∀(a, b)∈A, (52)

meaning that the flows on arcs must be nonnegative and satisfy the flow conservation constraints

and capacity constraints. Finally, we define the circulation problem as: max
∑

(a,b)∈A℘(a,b)ξ(a,b)

subject to Cts. (51)-(52).

Observe that an integer optimal solution of the circulation problem is in fact a feasible solution

to DISg. Note that the optimal value of the circulation problem is κ. It is well-known that an

integer optimal solution for the circulation problem is found in O(κ|N|3). Moreover, we have |N|=

ϕκ+D+κ+ 3. Therefore, also noting that D≥ κ, a feasible solution to DISg is found in O(ϕ3D4),

and hence the proof is complete.

C.4. Proof of Proposition 1 (Synthesis From Sub-Disaggregations)

Recall that DISg considers only one group and assigns exactly 1 call from each class to that group

(because of Ct. (21)) subject to the following constraints: (i) if day d has ϕ calls, we assign exactly

one call from day d to that group (due to Ct. (22)), and (ii) if day d has less than ϕ calls, we

assign at most one call from day d to that group (because of Ct. (23)). Thus, for a fixed group,

say g= 1, we find a feasible solution for DISg. In the obtained solution, exactly one call from each
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class is assigned to g. Moreover, if day d has ϕ calls, exactly one call from day d is assigned to g.

By eliminating the assigned calls and group g = 1, the number of groups decreases by 1 while the

structure of the problem is preserved (note that, in each day, we have at most ϕ− 1 calls now).

Hence, by repeating this procedure ϕ times, a feasible solution for DIS is found.

We finally note that the above procedure is performed ϕ times, where at each iteration we solve

DISg in O(ϕ3D4). This implies that a feasible solution of DIS is found in O(ϕ4D4).

Appendix D: Asymptotic Optimality: Supporting Material

D.1. Applying π̌(n) to P(n)

We apply control π̌(n) as shown in Algorithm 2. At the beginning of day d, ṽ
(n)
π̌ shows the total cost

during days 1, . . . , d− 1, and T̃C
(n)

g and T̃H
(n)

g show the number of calls and hours, respectively,

assigned to group g during days 1, . . . , d− 1. At the beginning of day d, we observe ωd and select

one of the applicable assignments, j′, using probabilities {q̌(n)
j }. If all groups have sufficient calls

and hours available, then we call groups based on j′; otherwise, we do nothing.

Algorithm 2 Applying control π̌(n) to P(n).

1: Define ṽ
(n)
π̌ := 0

2: Define T̃C
(n)

g := 0 and T̃H
(n)

g := 0, for all g

3: for d= 1, . . . , nD do

4: Observe ω̃d = ωd and select assignment j′ ∈ {j|$j = ωd} using probabilities {q̌(n)
j }

5: if nκ− T̃C
(n)

g ≥ I(ag,j′ > 0) and nτ − T̃H
(n)

g ≥ ag,j′ , for all g then

6: Update ṽ
(n)
π̌ := ṽ

(n)
π̌ + θj′

7: Update T̃C
(n)

g := T̃C
(n)

g + I(ag,j′ > 0) and T̃H
(n)

g := T̃H
(n)

g + ag,j′ , for all g

8: else

9: Let j′′ be such that $j′′ = ωd and ag,j′′ = 0, for all g

10: Update ṽ
(n)
π̌ := ṽ

(n)
π̌ + θj′′

11: end if

12: end for

13: return ṽ
(n)
π̌ .

D.2. Proof of Theorem 2 (Error Decomposition)

We first show that v
(n)
PCD ≤ v

(n)
P , for all n∈Z, n≥ 1. First, recall that in PCD(n), D◦(n)

ω days are from

type ω, for all ω, where D◦(n)
ω is the expected number of days of type ω in the planning horizon

(during days 1,2, . . . , nD).
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Let Ω = {ω1, ω2, . . . , ω|Ω|}, with some abuse of notations. Define a vector of random variables

Ṽ D
(n)

:= (D̃
(n)

ω1 , D̃
(n)

ω2 , . . . , D̃
(n)

ω|Ω|) such that D̃(n)
ω denotes the number of days of type ω in the planning

horizon. In a fixed realization of day-types, the number of days of each type is known. We denote

by {V D(n)
` } the set of all possible values for Ṽ D

(n)
. Recall that we denote the expected value of

D̃(n)
ω by D◦(n)

ω . Hence, we define the vector of expected values as:

ED(n) := E[Ṽ D
(n)

] =
∑
`

V D
(n)
` P (Ṽ D

(n)
= V D

(n)
` ).

Let function v′(V D
(n)
` ) denote the optimal value of PCD(n) if the right-hand-side values of Ct.

(32) is replaced with V D
(n)
` . Clearly, v

(n)
PCD = v′(ED(n)). Note that v′ is a convex function (see, for

example, Bertsimas and Tsitsiklis (1997)). Therefore, using Jensen’s inequality, we have:

v
(n)
PCD = v′(ED(n)) = v′

(∑
`

V D
(n)
` P (Ṽ D

(n)
= V D

(n)
` )
)

≤
∑
`

P (Ṽ D
(n)

= V D
(n)
` )v′(V D

(n)
` ). (53)

Denote the optimal control for P(n) by πo. Consider a realization of day-types such that the

number of days of different types is given by V D
(n)
` . Applying πo to this realization, we generate

a feasible solution for PCD(n) where the right-hand-side values of Ct. (32) is replaced with V D
(n)
` .

The objective value of the generated feasible solution is greater than or equal to v′(V D
(n)
` ). Let

v′πo(V D
(n)
` ) denote the expected objective value of all such feasible solutions generated by applying

πo to the realizations satisfying V D
(n)
` . Obviously, we have: v′(V D

(n)
` ) ≤ v′πo(V D

(n)
` ), for all `.

Combining this with inequality (53), we have:

v
(n)
PCD ≤

∑
`

P (Ṽ D
(n)

= V D
(n)
` )v′πo(V D

(n)
` ) = v

(n)
P ,

because
∑

`P (Ṽ D
(n)

= V D
(n)
` )v′πo(V D

(n)
` ) is precisely the expected objective value of applying πo.

Hence, we completed the proof of v
(n)
PCD ≤ v

(n)
P , for all n ∈ Z, n≥ 1. We next remark that, for all

n∈Z, n≥ 1, we have:

v
(n)
x̌ − ρ

(n)
A − ρ

(n)
D = v

(n)
PD− ρ

(n)
D = v

(n)
PCD ≤ v

(n)
P ≤E[ṽ

(n)
π̌ ]. (54)

Here, the first and second equalities follow from the definition of the aggregation error ρ
(n)
A

and the discretization error ρ
(n)
D , respectively. In addition, since π̌(n) is a feasible control, we have

v
(n)
P ≤E[ṽ

(n)
π̌ ]. Thus, using Eq. (54), we have:

E[ṽ
(n)
π̌ ]− v(n)

P ≤ ρ
(n)
D + ρ

(n)
A + (E[ṽ

(n)
π̌ ]− v(n)

x̌ ) = ρ
(n)
D + ρ

(n)
A + ρ

(n)
I ,

for all n∈Z, n≥ 1, and hence, the proof is complete.
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D.3. Proof of Theorem 3 (Discretization Error: Constant Bounded)

Recall that in PCD(n), D◦(n)
ω days are from type ω, for all ω, where D◦(n)

ω is the expected number of

days of type ω in the planning horizon (during days 1,2, . . . , nD). Moreover, the decision variables

are continuous, D◦(n)
ω s are real numbers, and

∑
ω∈ΩD

◦(n)
ω = nD.

We create an intermediary problem referred to as PCD′(n). For each ω ∈Ω, we round D◦(n)
ω s up

or down to D(n)
ω s, arbitrarily, such that

∑
ω∈ΩD

(n)
ω = nD. Then, we formulate PCD′(n) as follows:

(PCD′(n)): v
(n)

PCD′ = min
J∑
j=1

θjxj

s.t. Cts. (30), (31), (33), and (35).

Hence, in PCD′(n), decision variables are continuous, D(n)
ω s are integer numbers, and

∑
ω∈ΩD

(n)
ω =

nD. In addition, |D(n)
ω −D◦(n)

ω | ≤ 1, for all ω ∈Ω.

Lemma 1. There exists a constant ρ′D, independent of n, such that v
(n)

PCD′ ≤ v(n)
PCD + ρ′D, for all

n∈Z, n≥ 1.

Proof. For each ω ∈ Ω, let j0(ω) denote the assignment with zero durations of calls (the “do-

nothing” assignment) applicable to ω. Moreover, for the ease of notation, define θ0(ω) := θj0(ω), for

all ω (note that θ0(ω) denotes the cost of assignment j0(ω)).

Let x∗(n) = (x
∗(n)
1 , . . . , x

∗(n)
J ) denote the optimal solution of PCD(n) and denote the corresponding

objective function value by v
(n)
PCD :=

∑J

j=1 θjx
∗(n)
j . We next generate a feasible solution for PCD′(n),

which we denote by x′(n).

1: Let x′(n) := x∗(n)

2: for ω ∈Ω do

3: if D(n)
ω ≥D◦(n)

ω then

4: Update x
′(n)

j0(ω) := x
′(n)

j0(ω) + (D(n)
ω −D◦(n)

ω )

5: else

6: Decrease the values of some of the nonzero x
′(n)
j s, for some assignments j applicable to

day-type ω, such that the total decrease is equal to (D◦(n)
ω −D(n)

ω )

7: end if

8: end for

It is easy to see that x′(n) is feasible for PCD′(n). Recall that v
(n)

PCD′ denotes the optimal value of

PCD′(n). Thus, we have:

v
(n)

PCD′ ≤
J∑
j=1

θjx
′(n)
j
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≤
J∑
j=1

θjx
∗(n)
j +

∑
ω∈Ω

[D(n)
ω −D◦(n)

ω ]+θ0(ω)

≤ v
(n)
PCD +

∑
ω∈Ω

θ0(ω),

where the first line follows because x′(n) is a feasible solution of PCD′(n). In the second line, we

consider only the increases in the values of x
′(n)

j0(ω) in Line 4 (since θjs are all nonnegative, we ignore

the decreases in the values of x
′(n)
j s (Line 6)). The last line follows because [D(n)

ω −D◦(n)
ω ]+ ≤ 1, for

all ω. Thus, the proof is complete once we let ρ′D :=
∑

ω∈Ω θ0(ω). �

We next create PD(n) by restricting the decision variables of PCD′(n) to be integral. In the

following lemma, we establish a relationship between the optimal values of PD(n) and PCD′(n).

Lemma 2. There exists a constant ρ′′D, independent of n, such that v
(n)
PD ≤ v

(n)

PCD′ +ρ′′D, for all n∈Z,

n≥ 1.

Proof. We first note that if D(n)
ω = 0 for some ω, the assignments that are applicable to ω cannot

be used (because of Cts. (35) and (36), the associated x variables become zero). Hence, we can

simply eliminate such day-types from the problem. Therefore, in the remainder, we always assume

D(n)
ω > 0, for all ω.

Note that PCD′(n) has 2ϕ+ |Ω| constraints, and hence, there exists an optimal solution with at

most 2ϕ+ |Ω| nonzero decision variables. Let x∗(n) = (x
∗(n)
1 , . . . , x

∗(n)
J ) denote an optimal solution

of PCD′(n) with at most 2ϕ+ |Ω| nonzero decision variables.

We next generate a feasible solution for PD(n), which we denote by x′(n). Similar to the proof of

Lemma 1, we use notation j0(ω) to denote the assignment with zero durations of calls applicable

to ω, and θ0(ω) to denote the cost of assignment j0(ω). For each day-type ω, let:

x
′(n)

j0(ω) := x
∗(n)

j0(ω) +
∑

j:$j=ω,j 6=j0(ω)

(x
∗(n)
j −bx∗(n)

j c),

x
′(n)
j := bx∗(n)

j c, ∀j :$j = ω, j 6= j0(ω).

It is easy to see that x′(n) is integral because, for day-type ω, we have:

x
′(n)

j0(ω) = x
∗(n)

j0(ω) +
∑

j:$j=ω,j 6=j0(ω)

(x
∗(n)
j −bx∗(n)

j c)

=
(
x
∗(n)

j0(ω) +
∑

j:$j=ω,j 6=j0(ω)

x
∗(n)
j

)
−

∑
j:$j=ω,j 6=j0(ω)

bx∗(n)
j c

= D(n)
ω −

∑
j:$j=ω,j 6=j0(ω)

bx∗(n)
j c

which is an integer number because D(n)
ω is integer (in addition, because of the first line, x

′(n)

j0(ω) ≥ 0,

for all ω). Note that all other x
′(n)
j s are, by definition, integer numbers. In a similar fashion, we can
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show that x′(n) satisfies all constraints of PD(n). Thus, so far, we have shown that x′(n) is a feasible

solution of PD(n). Recall that v
(n)
PD denotes the optimal value of PD(n). We have:

v
(n)
PD ≤

J∑
j=1

x
′(n)
j θj

=
∑
ω∈Ω

(
x
′(n)

j0(ω)θ0(ω) +
∑

j:$j=ω,j 6=j0(ω)

x
′(n)
j θj

)
=
∑
ω∈Ω

((
x
∗(n)

j0(ω) +
∑

j:$j=ω,j 6=j0(ω)

(x
∗(n)
j −bx∗(n)

j c)
)
θ0(ω) +

∑
j:$j=ω,j 6=j0(ω)

bx∗(n)
j cθj

)
≤
∑
ω∈Ω

((
x
∗(n)

j0(ω) +
∑

j:$j=ω,j 6=j0(ω)

(x
∗(n)
j −bx∗(n)

j c)
)
θ0(ω) +

∑
j:$j=ω,j 6=j0(ω)

x
∗(n)
j θj

)
= v

(n)

PCD′ +
∑
ω∈Ω

( ∑
j:$j=ω,j 6=j0(ω)

(x
∗(n)
j −bx∗(n)

j c)θ0(ω)
)

≤ v
(n)

PCD′ +
∑
ω∈Ω

( ∑
j:$j=ω

(x
∗(n)
j −bx∗(n)

j c)θmax

)
≤ v

(n)

PCD′ + (2ϕ+ |Ω|)θmax,

where θmax = maxj θj. The fourth line follows because all θjs are nonnegative. The last inequality

follows because: ∑
ω∈Ω

∑
j:$j=ω

(x
∗(n)
j −bx∗(n)

j c) =
J∑
j=1

(x
∗(n)
j −bx∗(n)

j c)≤ 2ϕ+ |Ω|,

noting that there are at most 2ϕ + |Ω| nonzero variables x
∗(n)
j . Finally, we define ρ′′D := (2ϕ +

|Ω|)θmax, which is independent of n. Hence, the proof is complete. �

Using Lemmas 1 and 2, there exist ρ′D and ρ′′D, independent of n, such that, for all n∈Z, n≥ 1:

v
(n)
PD ≤ v

(n)

PCD′ + ρ′′D ≤ v
(n)
PCD + ρ′D + ρ′′D = v

(n)
PCD + ρ̌D,

where we define ρ̌D := ρ′D + ρ′′D. Note that ρ̌D is independent of n and hence the proof of Theorem

3 is complete.

D.4. Proof of Theorem 4 (Aggregation Error: Constant Bounded)

We first establish an important property in the output of our disaggregation procedure, which we

refer to as bounded variability of hours. Recall that in Step 2 of our approximation scheme, we

create PAD(n) and solve it (the mathematical model for PAD(n) is obtained by replacing D, κ, and

τ with nD, nκ, and nτ in the formulation of PAD). Let C(n)
d , for all d= 1, . . . , nD, denote the set

of calls in day d based on PAD(n) solution. We construct DIS(n) as explained in section 5 (here,

we have nκ classes ς = 1, . . . , nκ). In the following proposition, we show the total hours assigned

to groups has small variability, which is independent of n.
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Proposition 3 (Variability of Hours: Constant Bounded). Let λ
∗(n)
iςg s denote a feasible

solution of DIS(n). Define TH(n)
g :=

∑nκ

ς=1

∑ϕ

i=1 λ
∗(n)
iςg dr(ηiς), for all g, where dr(ηiς) is the duration

of the ith call in class ς. Then, |TH(n)

g′ −TH
(n)

g′′ | ≤ δ, for all g′, g′′.

Proof. For the ease of notation, we define ζi,ς := dr(ηiς), for all i, ς (i.e., ζi,ς denotes the duration

of the ith call in class ς). Since we sort the calls in a non-increasing order of their durations, we

have ζ1,1 ≤ δ and ζϕ,nκ ≥ 0; hence, ζ1,1− ζϕ,nκ ≤ δ. Moreover, we have ζϕ,ς ≥ ζ1,ς+1, for all ς ≤ nκ−1

because of the sorted list. Finally, the maximum difference between the durations of the calls in a

class is equal to (ζ1,ς − ζϕ,ς), for all ς. Thus, we have:
nκ∑
ς=1

(ζ1,ς − ζϕ,ς) = ζ1,1− (ζϕ,1− ζ1,2)− · · ·− (ζϕ,nκ−1− ζ1,nκ)− ζϕ,nκ ≤ ζ1,1− ζϕ,nκ ≤ δ.

Therefore,
∑nκ

ς=1 (ζ1,ς − ζϕ,ς) ≤ δ. This means that the sum of the class differences is upper

bounded by the total difference which itself is upper bounded by δ. DIS(n) assigns exactly one call

from each class to each group. Consider the groups g′ and g′′. The difference (TH
(n)

g′ − TH
(n)

g′′ ) is

maximized if group g′ is assigned the maximum duration from each class and group g′′ is assigned

the minimum duration from each class. Mathematically, we have:

TH
(n)

g′ −TH
(n)

g′′ =
nκ∑
ς=1

ϕ∑
i=1

λ
∗(n)

iςg′ ζi,ς −
nκ∑
ς=1

ϕ∑
i=1

λ
∗(n)

iςg′′ζi,ς

≤
nκ∑
ς=1

(
max
i=1,...,ϕ

{ζi,ς}
)
−

nκ∑
ς=1

(
min

i=1,...,ϕ
{ζi,ς}

)
=

nκ∑
ς=1

ζ1,ς −
nκ∑
ς=1

ζϕ,ς

=
nκ∑
ς=1

(ζ1,ς − ζϕ,ς)

≤ δ.

Therefore, |TH(n)

g′ −TH
(n)

g′′ | ≤ δ, for all g′, g′′, and hence, the proof is complete. �

We next show in the following lemma that, after solving DIS(n) and calculating TH(n)
g s, there

always exists a group g′ such that TH
(n)

g′ ≤ nτ .

Lemma 3. Let λ
∗(n)
iςg s denote a feasible solution of DIS(n). Define TH(n)

g :=
∑nκ

ς=1

∑ϕ

i=1 λ
∗(n)
iςg dr(ηiς),

for all g, where dr(ηiς) is the duration of the ith call in class ς. Then, there exists a group g′ such

that TH
(n)

g′ ≤ nτ .

Proof. Using Proposition 3, we have |TH(n)

g′ − TH
(n)

g′′ | ≤ δ, for all g′, g′′. We use a contradiction

to show that there exists a group g′ such that TH
(n)

g′ ≤ nτ . Note that if TH(n)
g >nτ , for all g, then,∑ϕ

g=1 TH
(n)
g >nϕτ . On the other hand, we have:

ϕ∑
g=1

TH(n)
g =

ϕ∑
g=1

nκ∑
ς=1

ϕ∑
i=1

λ
∗(n)
iςg dr(ηiς) =

nκ∑
ς=1

ϕ∑
i=1

dr(ηiς)

(
ϕ∑
g=1

λ
∗(n)
iςg

)
=

nκ∑
ς=1

ϕ∑
i=1

dr(ηiς)≤ nϕτ,
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where the last inequality follows because
∑nκ

ς=1

∑ϕ

i=1 dr(ηiς) is the sum of the durations of all calls

assigned to groups during the horizon, according to the optimal solution of PAD(n). This is a

contradiction, and hence, there exists a group g′ such that TH
(n)

g′ ≤ nτ . �

Using Lemma 3, there exists a group g′ such that TH
(n)

g′ − nτ ≤ 0. Moreover, (since |TH(n)

g′ −
TH

(n)

g′′ | ≤ δ, for all g′, g′′) we have TH(n)
g −nτ ≤ δ, for all g. Thus, [TH(n)

g −nτ ]+ ≤ δ, for all n and

g (note: [z]+ := max{0, z}).
Recall that in Step 2, we first solve DIS(n) and then calculate TH(n)

g =
∑κ

ς=1

∑ϕ

i=1 λ
∗(n)
iςg dr(ηiς), for

all g. Let G(n)
g , for all g, denote the set of calls that are assigned to group g based on DIS(n) solution.

We note that PAD(n) is a relaxation of PD(n); hence, if TH(n)
g ≤ nτ , for all g, then the found

solution is also optimal for PD(n) (i.e., v
(n)
PAD = v

(n)
PD = v

(n)
x̌ ). However, we may have TH(n)

g > nτ ,

for some g, in which case we do the following. Consider g′ such that TH
(n)

g′ > nτ . We pick a call

η ∈ G(n)

g′ , and reduce its duration by 1 hour. As a result, the demand (corresponding to the optimal

solution of PAD(n)) increases by 1 unit for some day d′ and during some period t′. Let β denote

the maximum cost change that one could achieve by assigning a call of length 1 to a group in

any day (mathematically, β := maxω∈Ω{ψA(0,0, ω)−ψA(1,1, ω)}, where ψA is defined in Appendix

C.1). Thus, the cost increase as a result of reducing the duration of η by 1 hour is upper bounded

by β. Therefore, for all n∈Z, n≥ 1, we have:

v
(n)
x̌ ≤ v

(n)
PAD +β

ϕ∑
g=1

[TH(n)
g −nτ ]+

≤ v
(n)
PD +β

ϕ∑
g=1

[TH(n)
g −nτ ]+

≤ v
(n)
PD +βϕ max

g=1,...,ϕ
{[TH(n)

g −nτ ]+}

≤ v
(n)
PD +βϕδ.

In the first line, we note that, for group g, the total reduction in the duration of calls assigned

to group g is equal to [TH(n)
g − nτ ]+ (if TH(n)

g ≤ nτ , then we do not reduce the duration of calls

in G(n)
g ; however, if TH(n)

g >nτ , then we reduce the durations of some of the calls in G(n)
g , and the

total reduction is [TH(n)
g − nτ ]+). The second line follows because v

(n)
PAD ≤ v

(n)
PD (since PAD(n) is a

relaxation of PD(n)). Therefore, we have shown that v
(n)
x̌ − v

(n)
PD ≤ βϕδ, for all n∈Z, n≥ 1. We let

ρ̌A := βϕδ and hence the proof is complete.

D.5. Proof of Theorem 5 (Information Error: Sublinear)

Our proof approach is similar to Jasin and Kumar (2012). We introduce two analyzable procedures

that are referred to as lower bound procedure (LBP(n)) and upper bound procedure (UBP(n)).

We will show that it is sufficient to analyze the difference between the expected costs obtained by

LBP(n) and UBP(n) to prove Theorem 5.
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Since ω̃ds are i.i.d. and D◦ω =Dω for all ω, then: P (ω̃d = ω) = Dω
D , for all d= 1, . . . , nD. Therefore,

the expected number of days of type ω, when the problem size is n, is calculated as follows:

D◦(n)
ω = E

[ nD∑
d=1

I(ω̃d = ω)
]

=
nD∑
d=1

P (ω̃d = ω) =
nD∑
d=1

Dω

D
= nDω,

for all ω. Since D◦(n)
ω s are integer numbers, then D◦(n)

ω =D(n)
ω , for all ω, n. Hence, we have shown

that in PD(n), we have D(n)
ω = nDω days of type ω, for all ω, n.

Algorithm 3, referred to as the UBP(n), finds an upper bound on ṽ
(n)
π̌ . Let ag,max := maxj{ag,j}

for all g. Comparing Algorithms 2 and 3, the condition in Line 5 of Algorithm 3 is more restrictive;

hence, for a fixed realization of day-types, there exists ď such that both algorithms perform the same

assignment during days 1, . . . , ď, while only Algorithm 2 may call groups after day ď (Algorithm 3

always uses the “do-nothing” assignment after day ď). Thus, for a fixed realization of day-types,

we have ṽ
(n)
UBP ≥ ṽ

(n)
π̌ . This implies that:

E[ṽ
(n)
UBP]≥E[ṽ

(n)
π̌ ], ∀n∈Z, n≥ 1. (55)

Algorithm 3 Upper-Bound Procedure UBP(n).

1: Define ṽ
(n)
UBP := 0

2: Define T̃C
(n)

g := 0 and T̃H
(n)

g := 0, for all g

3: for d= 1, · · · , nD do

4: Observe ω̃d = ωd and select assignment j′ ∈ {j|$j = ωd} with probabilities {q̌(n)
j }

5: if nκ− T̃C
(n)

g ≥ I(ag,max > 0) and nτ − T̃H
(n)

g ≥ ag,max, for all g then

6: Update ṽ
(n)
UBP := ṽ

(n)
UBP + θj′

7: Update T̃C
(n)

g := T̃C
(n)

g + I(ag,j′ > 0) and T̃H
(n)

g := T̃H
(n)

g + ag,j′ , for all g

8: else

9: Let j′′ be such that $j′′ = ωd and ag,j′′ = 0, for all g

10: Update ṽ
(n)
UBP := ṽ

(n)
UBP + θj′′

11: end if

12: end for

13: return ṽ
(n)
UBP.

We next introduce a lower-bound procedure, given in Algorithm 4. At the beginning of day

d, Algorithm 4 observes the day-type ωd, selects an assignment j′ using probabilities {q̌(n)
j }, and

updates the total cost, regardless of whether or not groups have sufficient calls and hours available.
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Note that Algorithm 4 may result in an infeasible solution. In the following lemma, we establish a

relationship between (E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP]) and the information error (E[ṽ

(n)
π̌ ]− v(n)

x̌ ).

Algorithm 4 Lower-Bound Procedure LBP(n).

1: Define ṽ
(n)
LBP := 0

2: for d= 1, · · · , nD do

3: Observe ω̃d = ωd and select assignment j′ ∈ {j|$j = ωd} using probabilities {q̌(n)
j }

4: Update ṽ
(n)
LBP := ṽ

(n)
LBP + θj′

5: end for

6: return ṽ
(n)
LBP.

Lemma 4. If ω̃ds are i.i.d. and D◦ω ∈ Z, for all ω, then E[ṽ
(n)
π̌ ]− v(n)

x̌ ≤E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP], for all

n∈Z, n≥ 1.

Proof. We first show that E[ṽ
(n)
LBP] = v

(n)
x̌ , for all n∈Z, n≥ 1.

E[ṽ
(n)
LBP] = E

[ nD∑
d=1

J∑
j=1

θjI(j is selected in day d)
]

=
nD∑
d=1

J∑
j=1

θjP (j is selected in day d)

=
nD∑
d=1

J∑
j=1

θj
∑
ω∈Ω

P (j is selected in day d|ω̃d = ω)P (ω̃d = ω)

=
nD∑
d=1

∑
ω∈Ω

∑
j:$j=ω

q̌
(n)
j P (ω̃d = ω)θj

=
nD∑
d=1

∑
ω∈Ω

P (ω̃d = ω)
∑

j:$j=ω

x̌
(n)
j

nDω

θj

=
nD∑
d=1

∑
ω∈Ω

Dω

D
∑

j:$j=ω

x̌
(n)
j

nDω

θj

=
J∑
j=1

x̌
(n)
j θj

= v
(n)
x̌

To obtain the fourth line, we note that P (j is selected in day d|ω̃d = ω) = 0, for all j such

that $j 6= ω. Moreover, P (j is selected in day d|ω̃d = ω) = q̌
(n)
j , for all j such that $j = ω. We

then note that q̌
(n)
j =

x̌
(n)
j

D
(n)
ω

=
x̌

(n)
j

nDω
, which results in the fifth line. To obtain the sixth line, we use

P (ω̃d = ω) = Dω
D , for all d, ω.
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Finally, we have shown in Eq. (55) that E[ṽ
(n)
π̌ ]≤E[v

(n)
UBP] (note that this part of the proof does

not require the assumptions of the lemma). Thus, we have: E[ṽ
(n)
π̌ ]− v(n)

x̌ ≤E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP], for

all n∈Z, n≥ 1. �

Thus, in the remainder, we analyze the procedures UBP(n) and LBP(n) and obtain an upper

bound on E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP]. Consider Algorithms 3 and 4. For a fixed day-type realization, these

algorithms provide equal costs on all days as long as the condition in Line 5 of Algorithm 3 is

satisfied. Let d∗(n) denote the minimum of nD and the last day in which this condition is satisfied.

The cost by these algorithms during days 1,2, . . . , d∗(n) is equivalent. In days d∗(n) + 1, . . . , nD,

Algorithm 3 always uses the “do-nothing” assignment while Algorithm 4 may use a less costlier

assignment. Define:

θmax := max
ω∈Ω

{
max
j:$j=ω

θj − min
j:$j=ω

θj

}
,

which is in fact the maximum possible cost difference (by Algorithms 3 and 4) in any day during

days d∗(n) + 1, . . . , nD. Hence, E[ṽ
(n)
UBP] − E[ṽ

(n)
LBP] ≤ θmaxE[nD − d∗(n)]. We note that E[d∗(n)] =∑nD

d=1P (d∗(n) ≥ d). Therefore, E[nD− d∗(n)] =
∑nD

d=1P (d∗(n) <d), and we have:

E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP]≤ θmax

nD∑
d=1

P (d∗(n) <d), n∈Z, n≥ 1. (56)

Thus, it remains to obtain an upper bound on P (d∗(n) <d), for all n and d. We make the following

definitions to simplify our notations. Recall that in Line 5 of Algorithm 3, we check 2ϕ inequalities

which act as our resource constraints. Hence, in the remainder, we will refer to available calls and

hours as “remaining resources.” We use index γ = 1,2, . . . ,Γ to denote these 2ϕ resources. Let

c(n)
γ := ncγ denote the number of units of resource γ available at the beginning of the planning

horizon (where the problem size is n). Let bγj denote the number of units of resource γ used when

assignment j is made. For example, if ϕ= 2 then there are four resources indexed as γ = 1,2,3,4.

Two of these four resources, say γ = 1,2, represent the number of calls to groups, and the other

two resources, say γ = 3,4, represent the number of hours. Moreover, c1 = c2 = κ and c3 = c4 = τ .

We also define bγ := (bγ1, . . . , bγJ) and bγ,max := maxj{bγj} for all γ.

At the beginning of each day, after knowing the day-type, the LBP(n) (Algorithm 4) selects

an assignment based on probability {q̌(n)
j } and then some of the resources are utilized. Note that

the expected value of the resource usage is
bγ .x̌

(n)

nD , for all γ, n, d. On the other hand, the actual

utilization of resource γ on day d is
bγ .x̌

(n)

nD + Λ(n)
γ (d), where Λ(n)

γ (d) is the deviation from the

expected utilization in day d. Since ω̃ds are i.i.d., then we have: Λ(n)
γ (d), for all d, are i.i.d. with

mean zero, and follow multi-nomial distribution with 1 trial and event probability {p(n)
j }, where

p
(n)
j :=

D$j
D q̌

(n)
j . Let =d denote the accumulated information up to day d. Then, {

∑d

d′=1 Λ(n)
γ (d′)}nDd=1

and {|
∑d

d′=1 Λ(n)
γ (d′)|}nDd=1 are respectively martingale and submartingale with respect to filtration
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{=d}. Note that E[
∑d

d′=1 Λ(n)
γ (d′)|{=d}] = 0, for all n, γ, d. The following lemma provides an upper

bound on the second moment of
∑d

d′=1 Λ(n)
γ (d′) conditional on the filtration {=d}.

Lemma 5. E[(
∑d

d′=1 Λ(n)
γ (d′))2|{=d}]≤ 1

4
b2
γ,maxd, for all n, γ, d.

Proof. For all n, γ, d, we have:

E[(Λ(n)
γ (d))2|=d] =

∑
j

p
(n)
j

(
bγj −

∑
j′

p
(n)

j′ bγj′
)2 ≤ 1

4
b2
γ,max.

This inequality follows from Popoviciu’s inequality according to which V ar(z̃)≤ 1
4
(z−z)2, where

z ≤ z̃ ≤ z with probability 1. We note that
∑

j p
(n)
j (bγj−

∑
j′ p

(n)j′bγj′)
2 is the variance of bγ1, . . . , bγJ .

Also note that for all j, 0≤ bγj ≤ bγ,max. Hence, the variance does not exceed 1
4
b2
γ,max. To complete

the proof, we note that E[(
∑d

d′=1 Λ(n)
γ (d′))2|{=d}] =

∑d

d′=1 E[(Λ(n)
γ (d′))2|=d′ ] because considering

the filtration {=d}, the error terms, Λ(n)
γ (d′), are independent. �

Consider UBP(n) (Algorithm 3). Using our definition of resources, this procedure can be equiv-

alently represented as shown in Algorithm 5. At the beginning of day d, c̃(n)
γ shows the number of

units of resource γ available. Consider the beginning of day 1. If c̃(n)
γ = ncγ ≥ bγ,max, for all γ, then

assignment j′ is used and resource γ is utilized by 1
nDbγ .x̌

(n) + Λ(n)
γ (1). Then, at the beginning of

day 2, the remaining resource γ is c̃(n)
γ = ncγ − 1

nDbγ .x̌
(n) −Λ(n)

γ (1). Now, assume that the condi-

tion in Line 5 is satisfied in day d. We then perform j′ and the utilization of resource γ during

days 1, . . . , d is equal to d
nDbγ .x̌

(n) +
∑d

d′=1 Λ(n)
γ (d′). Thus, at the beginning of day d+ 1, we have:

c̃(n)
γ = ncγ− d

nDbγ .x̌
(n)−

∑d

d′=1 Λ(n)
γ (d′). Therefore, the condition for UBP(n) to perform assignment

j′ in day d+ 1 is as follows:

Condition (†) :
d∑

d′=1

Λ(n)
γ (d′)≤ ncγ −

d

nD
bγ .x̌

(n)− bγ,max, for all γ.

In the following lemma, we use condition (†) and Doob’s submartingale inequality to present an

upper bound on P (d∗(n) <d), for all n and d.

Lemma 6. P (d∗(n) <d)≤min
{

1,
∑

γ d
(

2n
bγ,max

(cγ − d
n2Dbγ .x̌

(n))− 2
)−2}

, for all n and d.

Proof. The probability P (d∗(n) < d) is found by calculating the probability of the violation of

condition (†) for some resource γ and for some days d′′ <d. Therefore, we have:

P (d∗(n) <d) = P
( d′′∑
d′=1

Λ(n)
γ (d′)>ncγ −

d′′

nD
bγ .x̌

(n)− bγ,max, for some γ, d′′ <d
)

≤
∑
γ

P
( d′′∑
d′=1

Λ(n)
γ (d′)>ncγ −

d′′

nD
bγ .x̌

(n)− bγ,max, for some d′′ ≤ d
)



Fattahi, Dasu and Ahmadi: Peak Load Energy Management Problem
Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!) 45

Algorithm 5 Upper-Bound Procedure UBP(n).

1: Define ṽ
(n)
UBP := 0

2: Define c̃(n)
γ := ncγ , for all γ

3: for d= 1, · · · , nD do

4: Observe ω̃d = ωd and select assignment j′ ∈ {j|$j = ωd} using probabilities {q̌(n)
j }

5: if c̃(n)
γ ≥ bγ,max, for all γ then

6: Update ṽ
(n)
UBP := ṽ

(n)
UBP + θj′

7: Update c̃(n)
γ := c̃(n)

γ − bγ,j′ , for all γ

8: else

9: Let j′′ be such that $j′′ = ωd and bγ,j′′ = 0, for all γ

10: Update ṽ
(n)
UBP := ṽ

(n)
UBP + θj′′

11: end if

12: end for

13: return ṽ
(n)
UBP.

Since d′′ ≤ d, in the following we replace d′′ with d in the right-hand-side of the condition; hence,

the right-hand-side becomes a constant (independent of d′′). Therefore, we can take the maximum

of
∑d′′

d′=1 Λ(n)
γ (d′) over d′′ = 1, . . . , d, and hence we have:

P (d∗(n) <d) ≤
∑
γ

P
(

max
d′′=1,...,d

d′′∑
d′=1

Λ(n)
γ (d′)>ncγ −

d

nD
bγ .x̌

(n)− bγ,max

)

≤
∑
γ

P
(

max
d′′=1,...,d

∣∣ d′′∑
d′=1

Λ(n)
γ (d′)

∣∣≥ n(cγ − d

n2D
bγ .x̌

(n)
)
− bγ,max

)
≤
∑
γ

E
[(∑d

d′=1 Λ(n)
γ (d′)

)2](
n(cγ − d

n2Dbγ .x̌(n))− bγ,max

)2 (57)

≤
∑
γ

d
( 2n

bγ,max

(cγ −
d

n2D
bγ .x̌

(n))− 2
)−2

(58)

Inequality (57) follows from Doob’s submartingale inequality, and inequality (58) follows from

applying Lemma 5. To complete the proof, we note that P (d∗(n) <d)≤ 1, for all n and d. �

Using Eq. (56), we obtain the following upper bound, for all n∈Z, n≥ 1.

E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP]≤ θmax

nD∑
d=1

min
{

1,
∑
γ

d
( 2n

bγ,max

(cγ −
d

n2D
bγ .x̌

(n))− 2
)−2}

. (59)

The right-hand-side of Eq. (59) provides an upper bound that can be calculated for any given

instance. However, it may not be obvious why the right-hand-side is O(
√
n). Next, we simplify the
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upper bound in Eq. (59). Let the planning horizon consist of two parts: nD−
√
nD days starting

from the beginning of the horizon, and the remaining
√
nD days. Using Eq. (56), we have:

E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP] ≤ 2θmaxD+ θmax

dn−
√
ne∑

i=3

iD∑
d=(i−1)D+1

P (d∗(n) <d)︸ ︷︷ ︸
upper bound on the first nD−

√
nD days

+ θmaxD
√
n︸ ︷︷ ︸

upper bound on the
last
√
nD days

,

for all n ∈ Z, n≥ 1. Here, we use dn−
√
ne instead of n−

√
n, which is valid because we increase

the upper bound. Moreover, for the first 2D days and the last D
√
n days, we use 1 as the upper

bound for P (d∗(n) <d). Using Lemma 6, we have:

E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP] ≤ θmax

dn−
√
ne∑

i=3

iD∑
d=(i−1)D+1

∑
γ

1
4
db2
γ,max(

ncγ − d
nDbγ .x̌(n)− bγ,max

)2 + θmaxD(2 +
√
n)

≤ θmax

dn−
√
ne∑

i=3

iD∑
d=(i−1)D+1

∑
γ

1
4
db2
γ,max(

ncγ − icγ − cγ
)2 + θmaxD(2 +

√
n),

for all n∈Z, n≥ 1. The second line follows because for all i, n, and d such that 3≤ i≤ dn−
√
ne

and (i− 1)D+ 1≤ d≤ iD, we have:

0<ncγ − icγ − cγ ≤ ncγ −
d

nD
bγ .x̌

(n)− bγ,max,

noting that:

• Logically, cγ > 0 and bγ,max ≤ cγ , for all γ.

• Since dn−
√
ne ≥ 3, then n≥ 5, and then n− i−1≥ n−dn−

√
ne−1≥ n− (n−

√
n+ 1)−1≥

√
n− 2> 0. Additionally, since cγ > 0, then ncγ − icγ − cγ > 0.

• bγ .x̌
(n) ≤ ncγ , for all γ, due to the feasibility of x̌(n).

• Since d≤ iD, then d
nDbγ .x̌

(n) ≤ icγ , then, d
nDbγ .x̌

(n) + bγ,max ≤ icγ + cγ , and finally, we have:

ncγ − icγ − cγ ≤ ncγ − d
nDbγ .x̌

(n)− bγ,max.

Finally, we have:

E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP] ≤ 1

4
θmax

∑
γ

b2
γ,max

c2
γ

dn−
√
ne∑

i=3

1

(n− i− 1)2

iD∑
d=(i−1)D+1

d+ θmaxD(2 +
√
n)

≤ 1

4
θmaxD2

∑
γ

b2
γ,max

c2
γ

dn−
√
ne∑

i=3

i

(n− i− 1)2
+ θmaxD(2 +

√
n) (60)

≤ 1

4
θmaxD2

∑
γ

b2
γ,max

c2
γ

O(
√
n) + θmaxD(2 +

√
n). (61)

The second line follows from
∑iD

d=(i−1)D+1 d= iD2− 1
2
(D2−D) and ignoring 1

2
(D2−D). To obtain

the last line, we note that, if n≥ 5, then:

dn−
√
ne∑

i=3

i

(n− i− 1)2
≤
∫ n−

√
n+2

i=3

i

(n− i− 1)2
di
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≤
∫ n−

√
n+2

i=3

n

(n− i− 1)2
di

=
n

(n− i− 1)

∣∣∣n−√n+2

i=3

=
n

(
√
n− 3)

− n

(n− 4)

≤ O(
√
n).

Therefore, it follows that E[ṽ
(n)
UBP]−E[ṽ

(n)
LBP]≤O(

√
n). Hence, the proof of Theorem 5 is complete.

D.6. Numerical Analysis of the Information Error

In this appendix, we numerically show the asymptotic behavior of the relative information error on

a small example using hourly load consumption from 2009-2014 for one of our industrial partners

(where autocorrelation exists). Our experiment consists of developing an auto-regression model for

forecasting load consumption, converting the load consumption to day-types, and using a Monte-

Carlo simulation for capturing the impact of stochasticity and computing the information error.

Our forecasting model is developed based on the hourly load consumption from 2009-2014 for

one of our industrial partners (COMP1) for which the average and standard deviation of the hourly

load are 26,606.3 and 4,719.8 MWh, respectively. Our auto-regression model has the following

significant variables: (i) hours of the day (22 variables), (ii) weekdays or weekends, (iii) months of

the year (10 variables), and (iv) 1 day lag and 2 days lag of the hourly load consumption. Daily

lags are used in order to predict one day ahead hourly load profile when implementing DLCCs.

The adjusted R-square for the forecast model is 0.8847 and all variables are significant at p-values

less than 0.01. Fig. 8 shows the actual versus forecast hourly load consumption for a period of 300

hours.
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Figure 8 Actual versus forecast hourly load consumption rate.

Our auto-regression model generates forecast hourly load consumption for one year, which we

use to construct day-types. The partner companies required us to concentrate on 10 day-types



Fattahi, Dasu and Ahmadi: Peak Load Energy Management Problem
48 Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!)

(|Ω|= 10). We used the classical k-means clustering (Xu and Wunsch 2005) to form 10 clusters by

minimizing the pairwise squared deviations of ECPs in the same cluster. The Lloyd’s algorithm

(Lloyd 1982) was used for solving this problem. The average hourly load consumption for each

cluster is considered as the ECP of the associated day-type.

To estimate the expected number of days of each day-type (which will be used in PD), we

develop a Monte-Carlo simulation model that generates 5,000 realizations by adding random noise

to the predicted hourly load consumptions. For each realization, we assign each day to a previously

formed day-type which is the closest. We use the average number of days of each day-type (over

the 5,000 simulations) as our estimate of its expected value, which will be used as an input for PD.

PD is then constructed and solved. We use the obtained solution to create a policy (Step 3 of our

approximation scheme).

To compute the relative information error, we develop another Monte-Carlo simulation model

that generates 5,000 realizations by adding random noise to the predicted hourly load consump-

tions. For each realization and for each day, we determine the type of that day by assigning it to a

day-type which has the closest ECP (that have been previously formed). One of the corresponding

assignments for that day-type is then applied. Finally, the corresponding relative information error

for each realization is measured and the average over 5,000 simulations is reported in Fig. 9.

Fig. 9 shows the asymptotic behavior of the relative information error when the number of days

in one year changes from 36 to 360. To generate an instance of the problem when the time horizon

is 36 days, in a given realization, we select 1 day every 10 days throughout the year. This way of

selecting days will maintain the general structure of the day-types realization in a year, but in a

smaller scale. Similarly, for the case of 72 days, we select 1 day every 5 days. And so forth. Calls

and hours are accordingly scaled and change from 10 to 100 and 18 to 180, respectively. As shown

in Fig. 9, the relative information error decreases as the number of days increases. The three cases

in Fig. 9 consider the standard deviation of the random noise to be 1, 2, and 3 times the standard

error of estimate of the auto-regression model.

Appendix E: Generalizations and Extensions

In this appendix, we consider some generalizations and extensions of our problem and the proposed

approximation scheme. We first study the continuous time variation of P where the calls’ starting

times and durations are not restricted to be integral. Second, we discuss a class of approximation

schemes for solving P and show the generalization of our error analysis. Finally, we establish

asymptotic optimality of our approximation scheme under an alternative scaling when only hours

and calls are scaled.
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Figure 9 Asymptotic behavior when κ, τ , and D are scaled (Each data point is based on 5,000 simulations with

parameters: D changes from 36 to 360 days, κ= 10( D
36

), τ = 18( D
36

), ϕ= 3, and δ= 2).

E.1. Continuous Time Variation of the Problem

The structure of the DLCCs studied in this paper is such that the calls’ starting times and durations

are integer numbers. An extension of this class of contracts may relax this feature and assume that

the starting time and duration of a call is continuous. In this case, in the formulation of P given in

Eq. (37), ld and hd are not restricted to be integral. Let σdg ∈ [0, T − ldg] denote the starting time

of group g in day d. PS, given by Eq. (1)-(6), becomes:

ψ(ld, ωd) = min

∫ T

t=0

f
(
rt(ωd)−

ϕ∑
g=1

I(t≥ σdg)− I(t≥ σdg + ldg)
)
dt

s.t. σdg ∈ [0, T − ldg], ∀g.

This change in the contract would only affect PAD (Step 2) of our approximation scheme,

which requires further investigation. Moreover, in this case, the number of potential assignments

is no longer characterized by J = |Ω|(δ + 1)ϕ; however, in any feasible solution to PD, at most

D assignments will be observed. A simple approximate approach for solving this variation of the

problem is to discretize the starting times and durations of the calls. In this case, our solution

approach can be directly applied. Furthermore, our asymptotic behavior analysis holds for this

version of the problem.

E.2. Asymptotic behavior of general approximation schemes

In this subsection, we show the general applicability of our total error analysis. Our error decompo-

sition framework, presented in Theorem 2, can be broadly applied to some NRM problems where
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the deterministic approximation has to be solved heuristically (due to applications that require low

computational efforts, e.g., online applications) and the proposed heuristic requires discretization

of the expected demand. This consists of finding a heuristic solution for the discrete deterministic

approximation, generating a policy, and applying it over the horizon. According to Theorem 2,

the total error of such an approximation method is upper bounded by the simple sum of three

components, ρ
(n)
D +ρ

(n)
O +ρ

(n)
I , where n is a measure of problem size, ρ

(n)
D and ρ

(n)
I are as defined in

subsection 6.2, and ρ
(n)
O , which we call the “optimality error,” is the error associated with solving

the discrete deterministic approximation heuristically (in this paper, we refer to the optimality

error of our approach as aggregation error). Moreover, our analysis of ρ
(n)
D and ρ

(n)
I can be used in

general settings under some mild assumptions while ρ
(n)
O is problem specific. In particular, if an

approximation method has a sublinear “optimality error,” then it is asymptotically optimal.

E.3. Asymptotic optimality when calls and hours are scaled

We establish the asymptotic optimality of our approximation scheme when calls and hours are

scaled. This scaling is motivated by the observation that various utility companies may use different

values for calls and hours in their DLCCs while these contracts are on annual basis. Proposition 4

states the asymptotic optimality of our approach in κ and τ .

Proposition 4 (Asymptotic Optimality in Calls and Hours). If Dω ≥ 1, for all ω ∈ Ω,

then limκ→∞
τ→∞

E[ṽπ̌] = vP , i.e., our approximation scheme is asymptotically optimal in κ and τ .

Proof. As the first step of the proof, we present a lower bound on vP (recall that vP denotes

the optimal value of problem P). With some abuse of notation, define θω,min := ψ((δ, . . . , δ), ω).

Consider the objective function of problem P given in Eq. (25). For all π ∈Π, we have:

E
[ D∑
d=1

J∑
j=1

Ñπ
j,dθj

]
= E

[ D∑
d=1

∑
ω∈Ω

∑
j:$j=ω

Ñπ
j,dθj

]
≥ E

[ D∑
d=1

∑
ω∈Ω

∑
j:$j=ω

Ñπ
j,dθω,min

]
= E

[∑
ω∈Ω

θω,min

D∑
d=1

∑
j:$j=ω

Ñπ
j,d

]
= E

[∑
ω∈Ω

θω,min

D∑
d=1

I(ω̃d = ω)
]

=
∑
ω∈Ω

θω,minE
[ D∑
d=1

I(ω̃d = ω)
]

=
∑
ω∈Ω

θω,minD
◦
ω.
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The second line follows because θj ≥ θω,min, for all j such that $j = ω. The fourth line is obtained

by applying Eq. (28). Since this result holds for all π ∈Π, then vP ≥
∑

ω∈Ω θω,minD
◦
ω. Observe that

this lower bound property holds in general and does not require the assumptions of Proposition 4.

In the second step of the proof, we assume Dω ≥ 1, for all ω ∈ Ω, and κ and τ are sufficiently

large, and show that our approximation scheme achieves the lower bound that we established

above. In particular, we will show E[ṽπ̌] =
∑

ω∈Ω θω,minD
◦
ω. In addition, since in general E[ṽπ̌]≥ vP

(because π̌ ∈Π while vP is the optimal value of problem P), then the proof is complete. Thus, in

the remainder, we focus on proving E[ṽπ̌] =
∑

ω∈Ω θω,minD
◦
ω.

The optimal value of PAS is non-increasing in md and ld (see Appendix C.1). Hence, since κ and

τ are sufficiently large (no constraints on the number of calls and hours), then it is optimal to call

ϕ groups for δ hours everyday. Thus, in a day of type ω, we assign ϕ calls with durations δ and

the optimal cost for that day is θω,min. PAD assigns a total of ϕD calls with durations δ over the

horizon. DIS assigns exactly one call from each day to each group. Thus, each group is assigned

D calls and δD hours. Since this assignment satisfies the constraints on the number of calls and

hours, then the aggregation error is 0.

Using the solution of DIS, we generate vectors ľd = (δ, . . . , δ), for all d. Therefore, for each ω ∈Ω,

there exist exactly one unique assignment in the form of ((δ, . . . , δ), ω) with a frequency of Dω ≥ 1;

hence, the assignment probability is 1. This implies that, in day d, after observing day-type ωd, we

apply (w.p.1) the unique assignment that is applicable to ωd and realize the cost θωd,min. This is

true for all d= 1, . . . ,D since the number of calls and hours constraints are never violated. Finally,

we have:

E[ṽπ̌] = E
[ D∑
d=1

∑
ω∈Ω

I(ω̃d = ω)θω,min

]
= E

[∑
ω∈Ω

θω,min

D∑
d=1

I(ω̃d = ω)
]

=
∑
ω∈Ω

θω,minE
[ D∑
d=1

I(ω̃d = ω)
]

=
∑
ω∈Ω

θω,minD
◦
ω.

In the first line we use the fact that the assignment probabilities for all ω ∈Ω exist and are equal

to 1 (because of our assumption Dω ≥ 1, for all ω ∈Ω). Thus, the proof is complete. �

Our proof is based on showing that for sufficiently large κ and τ , our approximation scheme finds

an optimal solution. Next, we perform a numerical experiment to show that when κ and τ change

from small values to their actual values (100 and 180, respectively) the relative error monotonically

decreases and is very small for the actual values of calls and hours. Our simulation and generating

day-types realizations is as discussed in Online Appendix D.6.
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Figure 10 Asymptotic behavior when κ and τ are scaled (Each data point is based on 5,000 simulations with

parameters τ = 1.8κ, ϕ= 3, δ= 2, D = 365).

Appendix F: Abbreviations and Notations

Abbreviations:
DIS Disaggregation system
DLCC Direct load control contract
ECP Energy consumption profile
NRM Network revenue management
PAD Aggregate deterministic problem
PAS Aggregate single-day problem
PCD Continuous deterministic problem
PD Deterministic problem
PS Single-day problem
P Stochastic problem

Notations:
g= 1, . . . ,ϕ Groups.
d= 1, . . . ,D Days.
t= 1, . . . , T Time periods in a day.
ω̃d, ωd ∈Ω Type of day d and its realization.
ld = (ld1, . . . , ldϕ) Vector of call durations in day d.
δ Upper bound on the duration of a call.
τ Upper bound on the total hours per group in the entire horizon.
κ Upper bound on the number of calls per group in the entire horizon.
I(.) The indicator function, i.e., I(true) = 1 and I(false) = 0.
ψ(ld, ωd) The minimum cost for day d of type ωd using calls ld = (ld1, . . . , ldϕ).
rt(ωd) The forecast of the average demand in period t of day d.
f(.),∆f(.),∆2f(.) Energy cost function, and its first and second differences.
udgt 1 if group g is on call in period t of day d, and 0 otherwise.
ϑdgt 1 if group g starts reducing in period t of day d, and 0 otherwise.
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[.]+ The function that is defined as [z]+ := max{z,0}.
yωd 1 if day d is of type ω, and 0 otherwise.
Cd The set of calls in day d based on the optimal solution of PAD.
ηiς The ith call in class ς.
TCg The total number of calls to group g in the entire planning horizon.
THg The sum of the call durations assigned to group g in the planning horizon.
n problem size, n∈Z, n≥ 1.

v
(n)
P The optimal expected value of P where the problem size is n.

v
(n)
PD The optimal value of PD where the problem size is n.

v
(n)
PCD The optimal value of PCD where the problem size is n.
ṽ(n)
π The total cost of applying control π.
v(n)

x The total cost associated with x.

ρ
(n)
D , ρ

(n)
A , ρ

(n)
I The discretization, aggregation, and information errors.

j = 1, . . . , J Assignments.
qj The allocation probability for assignment j.
xj The number of times that assignment j is used in the planning horizon.
ag,j The length of call to group g when assignment j is made.
θj The cost of assignment j.
$j The day-type in which assignment j can be used.
D◦ω, Dω The expected number of days of type ω and its discretization.
ς = 1, . . . , κ Classes.
λiςg 1 if call i from class ς is assigned to group g, and 0 otherwise.
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